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Abstract: We propose a mathematical theory of pragmatic information that unifies communication, control, and decision-
making within a coherent framework. At its core is the isoteleia mapping, which formalizes equifinality: distinct semantic
paths that lead to the same optimal action are regarded as pragmatically equivalent. This mapping induces a three-tier hi-
erarchy of syntactic, semantic, and pragmatic information, in which each successive abstraction discards distinctions that
are irrelevant to the task. Building on this hierarchy, we develop a set of information-theoretic measures at the pragmatic
level, including pragmatic entropy, up/down pragmatic mutual information, channel capacity, and rate-distortion. In ad-
dition, we prove three coding theorems—Ilossless source coding, channel coding, and rate-distortion—which generalize
Shannon’s classical results. We then introduce pragmatic value of information (Vol) and pragmatic cost of information
(Col) as decision-theoretic duals to rate-distortion and capacity, respectively, and formulate a Lagrangian dual framework
for cross-layer optimization. The resulting pragmatic efficiency bound £, (1) = sgp[(b »(R) =2 Col,,(R)] characterizes the
maximum net utility attainable by a resource-constrained intelligent system under a given resource price, thereby providing
a limit on purposeful behavior—a behavioral capacity. This limit can be viewed as a goal-directed analogue of Shannon’s
symbol-level capacity under the stated utility and resource assumptions. Extensions to continuous messages yield closed-
form expressions for Gaussian channels and sources, while dynamic settings are addressed through a Bellman equation for
sequential decision-making. Finally, this framework provides a foundation for task-oriented communication, networked
control, autonomous systems, and embodied Al shifting the focus from symbol fidelity to the effectiveness of information
in guiding actions, and offering a mathematical language for the design of next-generation intelligent systems.

Key words: pragmatic information theory, isoteleia mapping, reification mapping, pragmatic entropy, pragmatic mutual

information, pragmatic channel capacity, pragmatic rate-distortion, value of information, cost of information, pragmatic

lagrangian, behavioral capacity

1. Introduction

A. Background and Motivation

Classic information theory (CIT), established by
C.E. Shannon in 1948 [!- 2] was a monumental achieve-
ment that laid the mathematical foundations for modern
communication. By quantifying information through
entropy, mutual information, channel capacity, and rate-
distortion functions, CIT provided fundamental lim-
its on data compression and reliable transmission over
noisy channels. These theoretical bounds have guided
the development of practical coding schemes over the
past seven decades, with techniques such as Huffman
coding, arithmetic coding, turbo codes, LDPC codes,
and polar codes approaching the Shannon limits [!- 21, In
parallel, the emergence of cybernetics and control the-

ory established complementary foundations for under-
standing and designing dynamical systems. Wiener’s
cybernetics 8] first unified the concepts of communi-
cation and control, while Tsien’s engineering cybernet-
ics [ and Bellman’s dynamic programming (8] pro-
vided powerful tools for optimal decision-making un-
der uncertainty. Kalman’s filtering theory €] further
bridged estimation and control, enabling real-time state
estimation from noisy observations. Decision theory,
particularly through the work of Stratonovich on the
value of information (Vol) [ 8] addressed the funda-
mental question of how much utility can be gained from
acquiring information before making a decision. De-
spite their shared intellectual roots, these three pillars
—communication theory, control theory, and decision

theory—have largely developed along independent tra-
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jectories, with limited cross-fertilization among them.
Weaver [2-2] first articulated that communication
involves not only the accurate transmission of symbols
(Level A) but also the conveyance of meaning (Level
B) and the effectiveness of conduct (Level C). This lay-
ered view has motivated numerous efforts to formalize
semantic information. Early attempts to formalize se-
mantic information include Carnap and Bar-Hillel’s log-
ical approach based on propositional logic (1%, Floridi’s
theory of strongly semantic information (11, and fuzzy
entropy formulations by De Luca and Termini [1213]
and Wu (4], Zhong [13.16] and Lu (17 18] independently
generalized Shannon’s information theory to the seman-
tic and pragmatic levels. Bao et al. [I%] extended the
logical framework to derive semantic source and chan-

nel coding theorems. More recently, Liu et al. [29]

and others [21-23]

investigated rate-distortion frame-
works for semantic information. However, a system-
atic information-theoretic treatment of semantic com-
munication remained elusive until the work of Niu and
Zhang [242€] who established a rigorous mathematical
theory of semantic communication centered on the con-
cept of synonymy, the principle that the same mean-
ing can be expressed by many different syntactic real-
izations. Through the synonymous mapping, they in-
troduced semantic entropy, up/down semantic mutual
information, semantic channel capacity, and semantic
rate-distortion functions, proving corresponding coding
theorems that demonstrate performance gains over clas-
sical counterparts.

Despite these pioneering efforts, a systematic
information-theoretic treatment of pragmatic informa-
tion has remained largely absent. Early philosophical
inquiries 27 and historical surveys 28 provided valu-
able conceptual foundations but stopped short of devel-
oping a rigorous mathematical framework. The quan-
titative formulation by Weinberger 2% 391 while intro-
ducing a formal definition of pragmatic information as
the change in an agent’s action distribution, was pri-
marily developed within the context of biological evo-
lution and did not establish fundamental coding theo-
rems, rate-distortion limits, or channel capacity charac-

terizations. More critically, none of these prior works

provided a unified framework that integrates pragmatic
information with syntactic and semantic layers. Con-
sequently, a comprehensive mathematical theory capa-
ble of quantifying, compressing, and reliably transmit-
ting pragmatic information in engineered communica-
tion systems has been lacking until now.

The recent surge of interest in semantic commu-
nication, driven by advances in deep learning and the
growing demand for intelligent communications, has
further highlighted the limitations of the classical syn-
tactic paradigm. Deep learning-based semantic com-
munication systems have demonstrated significant per-
formance improvements in tasks such as image trans-
mission, speech communication, and text understand-
ing 31-34] These systems extract and transmit semantic
features relevant to the task, moving beyond bit-level
fidelity to meaning-level effectiveness. The conver-
gence of communication and artificial intelligence has
opened new possibilities for task-oriented communica-
tion systems that prioritize the end goal over exact sym-
bol reconstruction. Zhang et al. [33] and Niu et al. [3¢]
have articulated the vision of wisdom-evolutionary
and primitive-concise communication networks for 6G,
where semantic information plays a central role.

Equally important is the convergence of commu-
nication and control, extensively studied in networked
control systems (NCS) and cyber-physical systems
(CPS), where joint design of communication and con-
trol policies is essential for stability and performance
under bandwidth constraints. Foundational results
on this co-design have been established by Xiao et
al. [B71 with comprehensive surveys provided by Park
et al. B8 Wang et al. 3%, Zhao et al. [, Negi and
Chakrabortty [#11, and Lu and Guo 2], Tishby and
Polani [*3] incorporated information-theoretic costs
into the Bellman equation from a perception-action
perspective, though their focus remained on action
complexity rather than physical communication re-
sources. Critically, these works treat information at
the syntactic level, emphasizing signal fidelity over
semantic or pragmatic content.

At a deeper level, modern information-driven sys-

tems, whether they are large language models interact-
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ing with users, autonomous vehicles navigating com-
plex environments, embodied Al agents performing
physical tasks, or human learners acquiring knowl-
edge, share a common operational structure that can
be abstracted as a perception-communication-decision-
execution (PCDE) closed loop. In such systems, infor-
mation is not merely transmitted for its own sake; it
is used to guide decisions and actions that ultimately
determine system performance. The pragmatic dimen-
sion of information, its effect on conduct, is therefore
paramount. The following examples illustrate the ubig-
uity of the PCDE loop and the central role of pragmatic
information across diverse domains.

Large Language Models and Al Agents. In a typi-
cal interaction with a large language model (LLM) or Al
agent, the user submits a query (perception), the model
processes the query through its internal reasoning (com-
munication), generates a response or takes an action (de-
cision), and the user applies the response to their task
(execution). The pragmatic value of the response lies
not in its syntactic correctness but in its effectiveness
in helping the user achieve their goal—whether solv-
ing a problem, generating code, or making a decision.
The same response may be pragmatically equivalent or
entirely different depending on the user’s context and
intent. Figure |If illustrates this PCDE loop, where prag-
matic information bridges the gap between meaning and
effective action.

Autonomous Driving. An autonomous vehicle op-
erates within a complex PCDE loop: sensors (cam-
eras, LIDAR, radar) perceive the surrounding environ-
ment (perception), the vehicle communicates with other
vehicles and infrastructure via V2X (communication),
the planning module decides on acceleration, braking,
and steering (decision), and the actuators execute the
planned actions (execution). The effectiveness of the
system is measured by safety, efficiency, and comfort
—all pragmatic objectives that depend on the correct
interpretation of sensory data and the appropriate selec-
tion of actions. The same set of sensor readings may
lead to different actions depending on the context (e.g.,
yielding to a pedestrian vs. proceeding through an inter-

section), highlighting the need for pragmatic reasoning.

Fig. 1: The perception-communication decision execution (PCDE) loop in
large language model (LLM) and Al agent interactions. The user query (per-
ception) is processed by the LLM (communication/understanding), which gen-
erates a response (decision) that drives the user’s subsequent action (execu-
tion). Pragmatic information resides in the effectiveness of the response in

achieving the user’s intended goal.

Figure [ depicts this loop, where pragmatic information
—the optimal action class—is the key to safe and effi-

cient navigation.

el o
o —
Decision

\ Z¢

E‘ecuﬁon

Fig. 2:

tonomous driving. Sensors perceive the environment (perception), the vehi-

The perception-communication-decision-execution loop in au-

cle communicates with other vehicles and infrastructure (communication), the
planning module decides on a trajectory (decision), and the actuators execute
the maneuver (execution). Pragmatic information—the correct action to take

—is the ultimate objective that transcends individual sensor measurements.

Embodied Al and Robotics. Embodied Al agents
and robots operate in physical environments, where per-
ception, communication, decision, and execution are
tightly coupled. Sensors perceive the environment (per-

ception), internal representations communicate state
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and intent across modules (communication), the control
policy decides on the next action (decision), and motors
and actuators execute the motion (execution). The suc-
cess of the system depends on the pragmatic effective-
ness of the actions—whether the robot grasps the object,
navigates to the target, or completes the task. The same
sensory input may lead to different actions depending
on the task goal, illustrating the context-dependent na-
ture of pragmatic information. Figure [ shows this loop,
where pragmatic information is the bridge between per-
ception and effective physical action.

Fig. 3: The perception-communication-decision-execution loop in embod-
ied Al and robotics. Sensors perceive the environment (perception), internal
representations communicate state information (communication), the policy
selects an action (decision), and the actuators interact with the physical world
(execution). Pragmatic information is embodied in the action’s effectiveness

in achieving the task objective.

Human Learning and Education. Human learn-
ing follows a PCDE loop where instructional content
is perceived (perception), communicated through ex-
planation, demonstration, and feedback (communica-
tion), the learner decides on a learning strategy (deci-
sion), and applies it through practice and application
(execution). The effectiveness of instruction depends
on its pragmatic value—whether it enables the learner
to perform better in real-world tasks. The same instruc-
tional content may have high pragmatic value for one
learner but low value for another, depending on prior
knowledge and learning context. Figure d illustrates
this loop, where pragmatic information is the knowl-
edge that translates into improved performance.

These four examples, spanning Al, autonomous

Fig. 4: The perception-communication-decision-execution loop in human
learning. Instructional content is perceived (perception), communicated
through explanation and feedback (communication), the learner decides on a
learning strategy (decision), and applies it to practice (execution). Pragmatic
information is the knowledge that effectively improves performance, beyond

mere factual recall.

systems, robotics, and human cognition, share a com-
mon underlying structure: information flows through a
perception-communication-decision-execution(PCDE)
loop, and the ultimate measure of success is the
effectiveness of the resulting actions. In each domain,
pragmatic information, the information that makes
a difference to decisions and actions, is the central
concern. The value of information (Vol) quantifies
the utility gain from information, while the cost of
information (Col) captures the resources needed to
acquire and transmit it. Despite the ubiquity of this
structure across diverse domains, no unified mathemat-
ical framework exists for describing, analyzing, and
optimizing pragmatic information systems. Classical
information theory emphasizes symbol fidelity; control
theory emphasizes system stability; and decision the-
ory emphasizes utility maximization. None provides
a comprehensive account of the interplay among
perception, communication, decision, and execution.
A unified theory is therefore needed to bridge these
disciplines and to provide a rigorous foundation for the
design of modern information-driven systems.
B. Contributions and Organization

This paper presents a mathematical theory of prag-
matic information that unifies communication, control,

and decision-making within a single coherent frame-
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(a) Framework of pragmatic information theory
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(b) Perception-Communication-Decision-Execution loop

Fig. 5: Three-tier framework of pragmatic information theory and its integration with communication, control, and decision.

work. The proposed theory extends classical informa-
tion theory by incorporating the pragmatic dimension of
information, its effect on conduct, while subsuming se-
mantic information theory and classical information the-
ory as special cases. By introducing the isoteleia map-
ping, which formalizes the principle of equifinality (dis-
tinct semantic paths converging to the same optimal ac-
tion), we establish a three-tier hierarchy of syntactic, se-
mantic, and pragmatic information that provides a com-
plete characterization of information in goal-directed
systems.

Figure B illustrates the three-tier hierarchy of infor-
mation and its integration with the PCDE (perception-
communication-decision-execution) closed loop. As
shown in Fig. f(a), this unified framework positions
pragmatic information theory as a natural generaliza-
tion that subsumes both classical and semantic infor-
mation theories, while simultaneously integrating deci-
sion theory and cybernetics into a single coherent struc-
ture. The three theories are nested and compatible:
pragmatic information theory contains semantic infor-
mation theory as a special case when the isoteleia map-
ping is trivial, and both contain classical information
theory when the synonymous mapping is also trivial.
This hierarchical compatibility ensures backward com-
patibility with existing theories while extending their
reach into decision-making and control. Fig. F(b) de-
picts the perception-communicatio-decision-execution
(PCDE) loop, where syntactic information, at the bot-
tom, is the domain of classical information theory and
concerns the faithful transmission of symbols. Seman-
tic information, the middle layer captured by the syn-

onymous mapping, formalizes the principle that the

same meaning can be expressed by many different syn-
tactic realizations. At the top lies pragmatic informa-
tion, the focus of this paper, which concerns the effec-
tiveness of information in guiding actions. The isoteleia
mapping groups semantic classes that lead to the same
optimal terminal action, embodying the principle of
equifinality. Their composition, the reification map-
ping, directly bridges pragmatic purposes to syntactic
signals, enabling the materialization of intent into phys-
ical communication. The PCDE loop connects the Phys-
ical World through perception, communication, deci-
sion, and execution, with pragmatic information serv-
ing as the essential link that closes the loop, answering
not only “What signal should be sent?” (syntax) and
“What does it mean?” (semantics), but fundamentally
“What difference does this information make to the de-
cisions and actions of the receiver?” (pragmatics).

Figure [ illustrates the mathematical framework of
pragmatic information theory.

The main contributions of this paper are summa-
rized as follows:

1) Unified Pragmatic Information System
Framework. @ We develop a comprehensive sys-
tem model for pragmatic information, integrating
Shannon’s communication paradigm with cybernetic
control. The system is structured as a perception-
communication-decision-execution (PCDE) closed
loop, comprising ten core modules organized into
two functional subsystems: the Cognitive-Regulation
Subsystem (CRS), which handles reasoning, in-

tent formulation, and value/cost evaluation, and
the Symbolic-Conduction Subsystem (SCS), which

handles encoding, transmission, and decoding. The
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Fig. 6: The mathematical framework of pragmatic information theory.

reification mapping g = f o e serves as the critical
bridge between these subsystems, enabling the direct
materialization of pragmatic intent into syntactic
signals.

2) Information-Theoretic Measures for Prag-
matic Information. @ We define a complete set
of information-theoretic measures at the pragmatic
level, including pragmatic entropy H,(W), up/down
pragmatic mutual information /7 (X;Y) and 1,(X;Y),
pragmatic channel capacity C,, and pragmatic rate-
distortion function R, (D). We establish the fundamen-
tal hierarchies that relate these measures to their syn-

tactic and semantic counterparts: H,(W) < H (W) <

HW), C, 2 C; 2 C, and R,(D) < R((D) <
R(D). These hierarchies quantify the performance

gains achievable by exploiting pragmatic abstraction.
3) Pragmatic Value of Information and Prag-
matic Cost of Information. We introduce the prag-
matic value of information (Vol) as the utility gain ob-
tained from task-relevant information, and the prag-
matic cost of information (Col) as the minimum re-

source expenditure required to convey information at

a given pragmatic rate. We establish the dualities be-
tween Vol and the rate-distortion function, and between
Col and the channel capacity, and develop single-sided
extensions for perceptual and expressive paths. These
measures provide a decision-theoretic and economic in-
terpretation of the information-theoretic limits.

4) Lagrangian Dual Framework and Prag-
matic Shadow Price for Cross-Layer Optimization.
We develop a unified Lagrangian dual framework that
integrates the rate-distortion-value duality (down loop)
and the capacity-cost duality (up loop) into a coher-
ent cross-layer optimization principle. The global prag-
matic Lagrangian Lolobal (R; 4) = @,(R) — 2 Col,(R)
expresses the net benefit as value minus cost, with the
optimality condition A4 COI;(R*) = <I>;, (R*) balancing
marginal value against marginal cost. The resulting
pragmatic efficiency functional £,(1) = s%p[‘bp (R) —

A Col,,(R)] defines a fundamental behavioral limit for
any resource-constrained intelligent system—a behav-
ioral capacity that parallels Shannon’s physical capac-
ity, but replaces symbol fidelity with the effectiveness
of information in guiding actions. Central to this frame-
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work is the shadow price A, which serves as a unified
currency that converts physical resource consumption
—such as transmit power, bandwidth, and latency—
into utility-equivalent units. In static settings, 1 de-
termines the optimal operating point where marginal
value equals marginal cost; in dynamic settings, it acts
as a real-time scarcity signal that continuously adapts
system behavior to varying channel conditions, power
budgets, and task priorities. This framework provides
a principled, practical, and dimensionally consistent ap-
proach for resource allocation and system design in task-
oriented communication systems, bridging information-
theoretic limits with decision-theoretic objectives with-
out ad hoc heuristics.

5) Coding Theorems for Pragmatic Communi-
cation. We prove three fundamental coding theorems
for pragmatic information systems: (i) the pragmatic
lossless source coding theorem, establishing that the
minimum rate for lossless pragmatic compression is the
pragmatic entropy H,, (W); (ii) the pragmatic channel
coding theorem, establishing that the maximum reliable
transmission rate is the pragmatic capacity C,; and (iii)
the pragmatic rate-distortion coding theorem, establish-
ing that the minimum rate for lossy pragmatic compres-
sion with distortion D is R, (D). These theorems gener-
alize Shannon’s classical coding theorems [!- 2 and the
semantic coding theorems of Niu and Zhang [24. 231,

6) Continuous-Domain Pragmatic Information
Measures. We extend the pragmatic information mea-
sures to continuous messages through the concept of
isoteleic volumes €, which are the continuous ana-
logues of pragmatic equivalence classes. We derive

closed-form expressions for the pragmatic capacity of

the Gaussian channel C, = %log(Q“(l + P/c?))

and the pragmatic rate-distortion function for Gaussian

% log(P/(Q*D)), along with the cor-

responding Col and Vol functions. We also derive the
band-limited capacity C,=B log(Q4(1 + P/(NyB))).
7) Joint Optimization of Communication, Con-

sources Rp (D) =

trol, and Decision. We formulate the joint optimiza-
tion of information, control, and decision-making in

both static and dynamic settings. For the static case,

we derive the optimality conditions for the global prag-
matic Lagrangian, showing that the optimal policy is the
posterior-maximizing Bayes decision rule and the opti-
mal rate satisfies marginal value equals marginal cost.
For the dynamic case, we derive the Bellman equation
for the dynamic pragmatic Lagrangian, providing a prin-
cipled framework for co-designing communication and
control in sequential decision-making systems.

8) Generalization and Unification. We demon-
strate that the pragmatic information theory frame-
work seamlessly subsumes classical communication
systems (when semantic and pragmatic layers are triv-
ialized), closed physical systems (with explicit utility
functions), embodied and interactive systems (with mul-
tiple agents), and open social and cognitive systems
(with implicit and evolving utility functions). This es-
tablishes the pragmatic information system as a primary
reference model for analyzing and designing a system
that involves goal-directed information processing un-
der uncertainty.

The remainder of the paper is organized as follows.
Section [ presents the pragmatic information system
model, including the system architecture, the three-tier
hierarchy, the reification mapping, and the axiomatic
foundations. Section [I] defines pragmatic entropy and
its joint and conditional counterparts, establishing the
fundamental hierarchies. Section [V] introduces prag-
matic relative entropy and up/down pragmatic mutual
information. Section [V] defines pragmatic channel ca-
pacity and pragmatic rate-distortion functions, includ-
ing single-sided extensions. Section [V establishes the
pragmatic value of information and pragmatic cost of
information, along with their Lagrangian dual frame-
work. Section proves the pragmatic lossless source
coding theorem. Section proves the pragmatic
channel coding theorem. Section [X proves the prag-
matic rate-distortion coding theorem. Section X ex-
tends the pragmatic information measures to continu-
ous messages, deriving the pragmatic capacity of Gaus-
sian channels and the pragmatic rate-distortion func-
tion for Gaussian sources, along with the corresponding
Col and VoI functions. Section X addresses the joint

optimization of communication, control, and decision-
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TABLE I: Principal symbols, meanings, and intuitive explanations
Symbol Meaning and Intuitive Explanation
X, yw,v Alphabets: collections of possible symbols

X, Y, W,V/x,y,w,v

X7, WVIX, Yy, W,V

P(-) orp(-), E[], log(-)

Random variables / realizations at syntactic layer
Semantic layer (meanings) / Pragmatic layer (actions)

Probability, expectation, log (bits/sebits/prabits)

H(W),H (W), H,(W)
H(l)

1(X;Y)

I,(X; V), I5(X; )
1,(X:Y), IP(X;Y)

Entropy hierarchy: symbol - meaning — action uncertainty
Conditional entropy: residual uncertainty given context
Syntactic mutual information: symbol-level dependence
Down/Up semantic MI: meaning dependence (marginal/joint)

Down/Up pragmatic MI: action dependence (marginal/joint)

C,C,, C, Capacity hierarchy: max reliable symbol/meaning/action rate

R(D), Ry (D), R, (D) Rate-distortion hierarchy: min symbol/meaning/action rate for distortion D
f:W 2w Synonymous mapping: one meaning — many signals

e: W 2" Isoteleia mapping: one action —» many meanings

g=foe:W->2W Reification mapping: one action — all realizing signals

g ut, un Sequential extensions: block-level mappings and sequences

Q Average isoteleic volume: avg size of action-equivalence set (continuous)

VoIp(R) or tI),,(R)
Col,,(R)

Lspvs Lepes Lylobal
A v

V(S)

Pragmatic value of information: max utility gain from rate R

Pragmatic cost of information: min resource (power/bandwidth) for rate R
Lagrangians: down-loop value—cost, up-loop rate—cost, global net benefit
Lagrange multipliers (shadow prices): convert resource cost to utility

Value function in dynamic programming: optimal expected future reward

making in pragmatic information systems. Section

concludes the paper.

I1. Pragmatic Information System and

Isoteleia Mapping

This section presents the theoretical foundations
of the pragmatic information system. We establish a
unified framework that integrates Shannon’s commu-
nication paradigm with cybernetic control, introducing
the three-tier hierarchy of syntactic, semantic, and prag-
matic information. Central to this framework is the
Isoteleia Mapping, which formalizes the principle of
equifinality, that is, distinct semantic paths converging
to the same optimal action.
A. Notation Conventions

We adopt standard information-theoretic notation
throughout. Calligraphic letters (X', ¥, W, V) denote al-
phabets; uppercase letters (X, Y, W) are random vari-
ables, lowercase (x,y,w) their realizations. Semantic
and pragmatic counterparts are marked with a tilde (W)
and an underline (W), respectively. Probabilities are
written as P(-) or p(-), expectations as E[-], and log(-)
denotes the logarithm to base 2. The main symbols are
summarized in Table [|; additional notation is introduced

as needed in the text.

For sequences and conditional quantities, we adopt
the usual conventions: u" = (uq,...,u,), U" denotes
the n-fold Cartesian product, and f” is the sequential
extension of a mapping f. Conditional entropy and mu-
tual information are written as H(-|-) and I(-; -|-), with
the convention OlogO0 = 0. Syntactic quantities are
measured in bits, semantic in sebits, and pragmatic in
prabits.

B. Pragmatic Information System

The pragmatic information system is a perception-
communication-decision-execution (PCDE) closed-
loop architecture that integrates the classic Shannon
communication paradigm with a cybernetic control
framework. Its fundamental purpose is not merely
to transmit symbols, but to ensure that the received
information leads to terminal actions that maximize a
predefined task utility. In this section, we present the
system model in detail, describe its processing flow
with state-space dynamics, formulate its axiomatic
foundations, and discuss its broad applicability across
diverse domains.

B.1 System Structure and Processing Flow

The system consists of ten core modules that op-

erate in a sequential cascade, forming a complete per-

ception - communication — decision — execution loop.
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Fig. 7: The block diagram of Pragmatic Information System with PCDE loop, showing the interaction between the Physical World, the Cognitive-Regulation

Subsystem (CRS), and the Symbolic-Conduction Subsystem (SCS).

These modules are: (1) Physical World / Task Environ-
ment, (2) Task Intent Initiator, (3) Source, (4) Reifica-
tion Mapping, (5) Encoder, (6) Channel, (7) Decoder,
(8) Demapping, (9) Destination, and (10) Task Execu-
tion Responder. Figure [ provides a conceptual illustra-
tion of the overall architecture.

We now describe each module and the information
flow that connects them.

Module 1: Physical World / Task Environment
The system operates within a Physical World character-
ized by a Plant with state S; € § at discrete time 7, gov-
erned by:

Siv1 = Fu (81,40 +Z,, (1)

where A; € A is the action applied by the actuator, F,, :
S x A — & is the nominal transition dynamics, and
Z, represents exogenous disturbances. Observations are
obtained through a sensor model:

Y, =F,(S;) +V, 2)

with F, : § - Y the observation function and V, mea-
surement noise.

Module 2: Task Intent Initiator The Task In-
tent Initiator compares the observed state (or belief) S,

with a task goal G; to generate a task intent:
Tt = (I)(gta Gt)7 (3)

where ® encodes the system’s strategy. This module
answers: “What should be done?”

Module 3: Source The Source is a three-tier
hierarchical structure corresponding to the pragmatic,
semantic, and syntactic levels 22, The Pragmatic
Source W first maps the intent 7, to a pragmatic symbol
w € W representing the optimal action class, answer-
ing: “What is the best terminal action?” This is then
expanded by the Semantic Source W into a semantic
symbol w € W justifying the action, answering: “Why
is this action justified?” Finally, the Syntactic Source
W maps to a syntactic symbol w € W for transmission,
answering: “What signal should be sent?”

Module 4: Reification Mapping The Reifica-
tion Mapping bridges the Pragmatic and Syntactic lay-
ers as the composition of the isoteleia and synonymous

mappings:
g2foe: W PPW)), )

where ¢ : W — P(W) maps a pragmatic symbol to

all semantic justifications (equifinality), and f : W —
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P (W) maps a semantic symbol to all syntactic realiza-
tions (synonymy). Thus,

gw) = |J fom)cw, 6]

wee(w)

enumerating all syntactic realizations that fulfill a given
pragmatic purpose.
Module 5: Encoder

of n syntactic symbols to channel input symbols:

The Encoder maps a block

¢ W - 27, (6)

performing a unified source-channel encoding opera-
tion designed to maximize end-to-end task utility.

Module 6: Channel The Channel is the phys-
ical medium characterized by the conditional distribu-
tion P(Y,|X;), subject to resource constraints such as
power, bandwidth, and delay.

Module 7: Decoder The Decoder recovers an
estimate of the transmitted syntactic sequence:

y Yt - W, (7

ensuring that the recovered symbols preserve semantic
and pragmatic content for effective decision-making.

Module 8: Demapping The Demapping mod-
ule reverses the Reification process: recovered syntac-
tic symbols are first mapped to estimated semantic sym-
bols via an inverse synonymous mapping, then to es-
timated pragmatic intentions via an inverse isoteleia
mapping, recovering meaning and purpose from the re-
ceived signals.

Module 9: Destination The Destination is the
hierarchical counterpart to the Source. The Syntactic
Destination V receives decoded syntactic symbols; the
Semantic Destination 7 reconstructs semantic interpre-
tations; and the Pragmatic Destination V reconstructs
the intended pragmatic purpose, answering: “What was
the intended purpose?”

Module 10: Task Execution Responder The
Task Execution Responder (Actuator) translates the re-

covered pragmatic intention w into a physical action:
A= pw,), ®

where 1 : ¥V — A maps pragmatic intentions to ac-
tions, closing the perception-communication-decision-

execution loop via Eq. ([I)).

The effectiveness of the entire process is evaluated
by the Value of Information (Vol) and Cost of Informa-
tion (Col). The Vol quantifies the expected utility gain:

Vol = Eg y[U(S,, u(#,))] - Es[U(S,, pwi)], (9)

where wg is the optimal action based on prior beliefs
alone. The Col quantifies the minimum resource ex-
penditure required to convey pragmatic information at
a given rate. Their joint consideration enables princi-
pled trade-off optimization between task performance
and resource consumption, a central theme of the prag-
matic Lagrangian framework developed in Section V1.
B.2  Functional Subsystems

The ten modules are naturally grouped into two
functional subsystems: the Cognitive-Regulation Sub-
system (CRS) and the Symbolic-Conduction Subsys-
tem (SCS).

The CRS handles high-level reasoning, intent for-
mulation, and information value evaluation. It com-
prises the Task Intent Initiator (generating intent from
state and goals), the Pragmatic Source (formalizing in-
tent as pragmatic symbols), the Pragmatic Destination
(reconstructing pragmatic intention), and the Task Ex-
ecution Responder (translating intention into action).
The isoteleia mapping e embodies equifinality by group-
ing semantic justifications that lead to the same optimal
action. The CRS answers: “What should be done, and
is it worth doing?”

The SCS handles encoding, transmission, and de-
coding. It comprises the Semantic Source (generating
semantic symbols from pragmatic intent), the Syntac-
tic Source (generating syntactic symbols from semantic
meanings), the Encoder (converting symbols to physi-
cal signals), the Decoder (recovering symbols from re-
ceived signals), and the Syntactic and Semantic Des-
tinations (reconstructing meanings along the reverse
path). The synonymous mapping f captures synonymy
by mapping each meaning to multiple syntactic realiza-
tions. The SCS answers: “How should it be expressed
and transmitted? ”

The reification mapping g = f o e serves as the
critical bridge between these subsystems, allowing CRS
intent to be directly materialized into syntactic signals
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by the SCS.
B.3  Axiomatic Foundations

The operation of the pragmatic information system
is governed by three fundamental axioms that ensure
its mathematical tractability, general applicability, and
consistency with both information theory and control
theory.

Axiom 1: The Probability Axiom The system
operates in a world where all observations, states, and
intentions are subject to irreducible uncertainty. This
uncertainty is quantified by probability measures. For-
mally, for any time 7, the joint distribution over the sys-

tem variables is:
P(S,.W,,Y,) e A(§xW xY), (10)

where A denotes the space of all probability distri-
butions. The channel is characterized by the condi-
tional distribution P(Y,|X,). This axiom ensures that all
information-theoretic quantities—entropy, mutual in-
formation, channel capacity, rate-distortion functions,
and Vol/Col—are well-defined and computable.
Axiom 2: The Decision Axiom All deliberate
actions of the system are governed by the principle of
maximizing expected utility. Formally, the utility func-

tion is defined as:
U:8xA->R, (11)

which assigns a real-valued scalar to each state-action
pair (S;,4,;), representing the immediate reward or cost
associated with taking action A, in state S,. For any de-
cision node where the system has access to information

1, it chooses an action a* such that:
a* =argmax Epg, ) [U(S;, a)]. (12)

This axiom underpins the isoteleia mapping, as it de-
fines the equivalence classes of semantic states that lead
to the same optimal action (the same felos). It also
underpins the Value of Information (Vol), which mea-
sures the utility gain obtained from additional informa-
tion, and the Pragmatic Lagrangian Functional, which
formalizes the trade-off between information value and
communication cost.

Axiom 3: The Markov Axiom The system’s dy-
namics satisfy the Markov property:

P(Sl+1|Sl"Sl‘—1""’Al’Al‘—l"") = P(St+1|Sl,A[).

(13)

This property allows the system to be modeled as a Par-
tially Observable Markov Decision Process (POMDP).
Furthermore, the Markov property implies that the sys-
tem can be decomposed across time: by removing the
time indices, the dynamic control problem can be re-
duced to a static communication and encoding problem.
In this static formulation, the channel coding and source
coding theorems can be applied directly to character-
ize the fundamental limits of information transmission,
treating each time step independently while preserving
the overall structure of the pragmatic system. This tem-
poral decomposition forms the basis for the coding the-
orems developed in subsequent sections.

B.4 Generality and Scope: A Unified Framework for

Information-Driven Systems

The pragmatic information system provides a
mathematical language for describing a class of systems
that involve goal-directed information processing under
uncertainty. The framework spans a continuous spec-
trum of systems, ranging from pure symbol transmis-
sion to tightly coupled physical control loops, and fur-
ther to open-ended social and cognitive interactions.

We organize the discussion into four conceptual
classes, ordered according to the degree of closure and
the nature of the utility function. At one extreme lies the
classical communication paradigm, where utility is de-
fined solely by symbol fidelity. Moving along the spec-
trum, we encounter closed physical systems with well-
defined utility functions; embodied and interactive sys-
tems with multiple agents; and finally, open social and
cognitive systems where utility is implicit, dynamic,
and subject to interpretation. This progression reflects
increasing complexity in the relationship between infor-
mation, meaning, and value.

Case I: Classical Communication Systems
When the Semantic and Pragmatic layers are
trivialized—i.e., when utility depends solely on
symbol fidelity (mean squared error, Hamming dis-
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tance, or bit error rate)—the isoteleia and synonymous
mappings reduce to identity mappings. The three-tier
source collapses to a single syntactic source, and
the system reverts to the familiar source-channel
separation architecture. All classical results, includ-
ing Shannon’s source coding, channel coding, and
rate-distortion theorems, emerge as special cases. The
framework thus serves not as a replacement but as a
rigorous generalization of classical information theory,
extending its reach from “how accurately can symbols
be transmitted?” to “how effectively does the received
meaning affect conduct in the desired way?”

Here the
Physical World is governed by well-defined physical

Case II: Closed Physical Systems

laws, the utility function is explicitly specified and mea-
surable (e.g., tracking error, energy consumption, or
task success rate), and system behavior is constrained
by strict physical and temporal limits. The framework
naturally embeds the control-theoretic feedback loop
via the Plant, Task Intent Initiator, and Actuator. Repre-
sentative domains include networked control systems,
robotics and industrial automation, autonomous vehi-
cles and intelligent transportation, UAV swarm control,
smart grids, and healthcare cyber-physical systems. In
all these cases, Vol provides a rigorous metric for quan-
tifying the trade-off between communication resource
consumption and closed-loop performance, while the
isoteleia mapping captures how diverse sensory inputs
converge to the same control or navigation command,
enabling robust decision-making under noise and de-
lays.

Case III: Embodied and Interactive Systems
In this class, the physical world remains central, but
the system now involves multiple agents (human or ar-
tificial) with possibly distinct sensors, actuators, and
world-views. Utility may be shared or conflicting,
and communication becomes strategic or collaborative
rather than a mere data pipe. Representative domains in-
clude embodied Al and autonomous agents, multi-agent
systems and collaborative Al, human-machine interac-
tion (HMI), and intelligent decision support systems.
The framework provides a reference model for signal-

ing games, negotiation protocols, and shared intention-

ality. The isoteleia mapping captures how different per-
ceptual or contextual states lead to the same joint action
or collaborative outcome, while Vol quantifies the bene-
fit of sharing information among agents with potentially
asymmetric information and conflicting objectives.

Case IV: Open Social and Cognitive Systems
Here the physical world recedes into the background,
and the focus shifts to internal cognitive processes or
emergent social dynamics. Utility is no longer a sin-
gle measurable objective but may be implicit, dynamic,
subjective, or even contradictory across agents. Repre-
sentative domains include human learning and educa-
tion, human communication and language, social and
economic systems (where agents exchange signals to
coordinate actions under uncertainty), biological and
cognitive systems (aligning with predictive processing
and active inference), and recommendation and content
delivery systems. The framework may provide a use-
ful starting point for modeling information exchange in
open social and cognitive systems, but the present the-
ory relies on explicit probabilistic and utility assump-
tions. Relaxing these assumptions is left for future
work. The isoteleia mapping may offer a conceptual
analogy for the human cognitive ability to generalize
from diverse experiences to coherent principles, while
Vol suggests a way to quantify the effectiveness of com-
munication in reducing uncertainty and improving deci-
sions under subjective and evolving objectives.

The Unity of the Framework Despite the ap-
parent diversity across these four cases, they can be
discussed within a common conceptual core: a state
space &, a utility function U : § x A - R, a three-
tier information hierarchy (Syntactic, Semantic, Prag-
matic), communication constraints, and a Vol metric
guiding resource allocation and decision-making. The
spectrum from Case I to Case IV is not a rigid par-
tition but a continuum: classical communication sys-
tems can be enhanced with semantic and pragmatic lay-
ers; closed physical systems can involve human oper-
ators; and social systems can incorporate physical sen-
sors and actuators. The pragmatic information system
can serve as a reference model for analyzing a class of

goal-directed systems, ranging from classical communi-
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cation and closed-loop control to embodied and interac-

tive systems. Extensions to social, economic, and cog-

nitive domains are conceptually appealing but are not

developed formally in this paper and remain open re-

search directions.

C. Design Principles of Pragmatic Information Sys-
tems

Building upon the system architecture and the ax-
iomatic foundations established in the preceding sub-
sections, we now articulate three fundamental design
principles that guide the analysis, synthesis, and oper-
ation of pragmatic information systems. These princi-
ples are not arbitrary engineering heuristics; they are di-
rect consequences of the mathematical structure of the
pragmatic framework and the nature of information as
it flows from the physical world through semantic inter-
pretation to pragmatic action.

Principle I: Pragmatic Imperceptibility and
Isoteleia Pragmatic information, the ultimate purpose
or terminal action that a communication system is in-
tended to achieve, is not directly observable. It cannot
be read from the received signal as one would read a
bit string. Instead, pragmatic information must be in-
ferred or evaluated indirectly through the lens of a util-
ity function, which measures the consequences of ac-
tions taken in response to received information. Con-
sequently, the fundamental characteristic of pragmatic
information is Isoteleia: different semantic interpreta-
tions, and even different syntactic realizations, are prag-
matically equivalent if they lead to the same optimal ter-
minal action under the given utility. This is precisely
the equivalence relation captured by the isoteleia map-
ping e : W — P(W), which partitions the semantic
space into classes of meanings that share the same opti-
mal action. The Value of Information (Vol) serves as the
primary metric for quantifying pragmatic information,
measuring the utility gain obtained from information.
This principle implies that the system must be designed
around the utility function, not around the fidelity of
symbol reconstruction; performance metrics should be
defined in terms of the quality of the resulting actions;
and communication resources should be allocated ac-
cording to the marginal Value of Information they pro-

vide.

Principle II: Semantic Imperceptibility and
Synonymy Semantic information, the meaning or in-
terpretation conveyed by a signal, is also not directly
observable. It cannot be extracted from the signal by
simple demodulation or decoding. Instead, semantic in-
formation must be inferred from the observed syntac-
tic symbols through a process of pattern recognition,
contextual reasoning, and knowledge-based interpreta-
tion. Consequently, the fundamental characteristic of
semantic information is synonymy: the same meaning
can be expressed by many different syntactic realiza-
tions. This equivalence relation is captured by the syn-
onymous mappingf : W — P (W), which partitions the
syntactic space into equivalence classes of symbols that
share the same semantic interpretation. This principle
implies that the system should exploit synonymy by al-
lowing lossy compression at the syntactic level, as long
as the semantic content is preserved; that the decoder
must incorporate contextual information to resolve am-
biguities; and that the encoder should extract and trans-
mit semantic features relevant to the task, rather than
attempting to reconstruct the original signal.

Principle III: Backward Compatibility and Uni-
fication The pragmatic information system must be
backward compatible with both classical communica-
tion systems and classical control systems. This means
that the pragmatic framework is not a replacement for
existing theories but a strict generalization that contains
them as special cases. When the pragmatic and seman-
tic layers are trivialized, that is, when the utility func-
tion depends solely on symbol fidelity and the isoteleia
and synonymous mappings become identity mappings,
the pragmatic framework must collapse exactly into the
classical Shannon communication paradigm. Similarly,
when communication is ignored, the framework must
collapse into classical control theory. This principle im-
poses that the three-tier hierarchy must be implemented
in a modular fashion, allowing each layer to be indepen-
dently analyzed, optimized, or bypassed; that the sys-
tem must include explicit mechanisms to detect when
the utility function reduces to syntactic fidelity and au-

tomatically switch to classical operation; and that the
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encoder and decoder must support both pragmatic en-
coding and syntactic encoding to interface with legacy
infrastructure.

Together, these three principles establish the philo-
sophical and mathematical foundation for the design
of pragmatic information systems. They ensure that
the system is simultaneously task-effective (Principle
I), meaning-aware (Principle II), and infrastructure-
compatible (Principle III).

D. Pragmatic Information and Isoteleia Mapping

We now turn to the purely structural account of the
mappings that bridge the three layers of information:
Syntactic, Semantic, and Pragmatic.

D.1  The Nature of Pragmatic Information

In classical information theory, information is de-
fined syntactically: it concerns the statistical proper-
ties of symbols and their transmission, independent of
meaning or purpose. Semantic information, as formal-
ized in the framework of Niu and Zhang [24- 23] extends
this by considering the meaning conveyed by symbols:
it concerns the relationship between symbols and their
interpretations.

Pragmatic information, in contrast, concerns the
use or purpose of information. It addresses the funda-
mental question: “What difference does this informa-
tion make to the decisions and actions of the receiver?”
Pragmatic information is inherently value-laden: it is
defined not by what symbols mean, but by what they
achieve. Two messages that convey different syntac-
tic symbols and even different semantic meanings may
carry the same pragmatic information if they lead the re-
ceiver to the same optimal terminal action. Conversely,
two messages that convey identical semantic content
may carry different pragmatic information if they are
interpreted in different contexts or lead to different de-
cisions.

The defining characteristic of pragmatic informa-
tion is therefore Isoteleia, the principle of equifinality:
distinct semantic paths converging to the same ultimate
end, or telos. This principle captures the essence of
goal-directed communication: the receiver’s objective
is not to reconstruct the sender’s exact message, but to
extract from it the guidance necessary to achieve a de-

sired outcome.
D.2 Foundations:

tions, and Fibers

Power Sets, Equivalence Rela-

To rigorously formalize the relationships among
syntactic, semantic, and pragmatic information, by us-
ing the concepts in [*] we introduce the mathemati-
cal structures of power sets, equivalence relations, and
fibers. Let W be the syntactic alphabet (the set of
all possible physical symbols or signals). A seman-
tic partition of W is a collection of disjoint subsets
whose union is W, where each subset groups symbols
that share the same meaning. Equivalently, a semantic
partition is induced by an equivalence relation ~; on
W: wq ~; w, iff they convey the same semantic mean-
ing. The quotient set W/ ~ is the semantic alphabet,
denoted by W.

The collection of all subsets of W is its power set,
denoted P(W). The semantic partition I1,,, is a subset
of P(W):

O, 2 W/ ~={W,W,,....Wg} CPW). (14)

Each element w; € Il,,,, is a semantic fiber (or syn-
onymous class): it is a subset of W containing all syn-
tactic symbols that carry the same meaning.

Similarly, a pragmatic partition is a collection of
disjoint subsets of the semantic alphabet, induced by an
equivalence relation ~,, on W: w; ~p W; iff they lead
to the same optimal terminal action. The quotient set
W/ ~ p 1s the pragmatic alphabet, denoted by W. The
pragmatic partition I1
of W:

prag 18 @ subset of the power set

o
Mprag =W/ ~p

W, ) CPW) C P(PW)).
(15)

= {mlamz’---

Thus, each element w, € II is a set of semantic

ra
fibers, i.e., a subset of P (W),pfofming a second-order
power set. The fibers at each level form a hierarchy:
syntactic fibers are individual elements w € W; seman-
tic fibers are subsets w c W; and pragmatic fibers are
subsets w C W c P(W), ie., collections of semantic
fibers. This hierarchy is the mathematical backbone of

pragmatic information theory.
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D.3  Formal Definitions of the Mappings

We now formally define the two fundamental map-
pings—the synonymous mapping and the isoteleia map-
ping—along with their composite, the reification map-
ping.
Definition 1 (Synonymous Mapping): Let W be the
syntactic alphabet and W be the semantic alphabet. Let
~ ¢ be an equivalence relation on W defined by meaning

identity. The Synonymous Mapping
f:Ww 2w (16)
is defined for each semantic symbol W € W as:
fOon) 2{weW|w~,w)cW. a7

Here, 2"V denotes the power set of 1. The mapping is
one-to-many in the forward direction: a single meaning
corresponds to a set of syntactic realizations.

Definition 2 (Isoteleia Mapping): Let W be the seman-
tic alphabetandlet U : Wx.A — R be autility function.
For each semantic symbol w € W, define its induced

optimal action as:

a* (ﬂ/) = arg{lrg)q( ]EW~P(W\W) [U(W,G)] . (18)

Define an equivalence relation ~, on W by w;, ~

)2

W e at(w;) = a*(w). The Isoteleia Mapping
e W - 2W (19)
is defined for each pragmatic class w € W 2 W/ ~p

as:
ew) 2 {weW|a* W) =whcW. (20

The mapping is one-to-many in the forward direction: a
single pragmatic purpose corresponds to a set of seman-
tic justifications.

Definition 3 (Dynamic Compatible Isoteleia Mapping):
For sequential decision-making problems (Section X1,
the optimal action must account for future conse-
quences. Let V : A(S) - R be the value function over
belief states. We define the dynamic optimal action for

a semantic symbol W as:

* (7 A N
a*(w,V) £ argmax B[ U(S.a) +

v Y PGS, aV)], @21

where b/, is the updated belief after transitioning to s’
Consequently, the dynamic isoteleia mapping is:

ey(w) 2 {WweW|a*W,V)=w}.  (22)

When y = 0 (static decision), we have ey (w) =
e(w), recovering the static Definition . All dynamic
Bellman equations in Section XI-B implicitly adopt this
conditional extension of the isoteleia mapping.
Definition 4 (Reification Mapping): The Reification
Mapping

g:ﬂ—>2w (23)

is defined as the composition of the isoteleia and syn-
onymous mappings:

gw 2 (J fom)cw. (24)

wee(w)

This mapping directly associates a pragmatic purpose
with the complete set of syntactic symbols that can re-
alize it.

Figure § illustrates the three-tier quotient mapping
structure. The isoteleia mapping e : W — oW groups
semantic classes that lead to the same optimal action,
forming pragmatic equivalence classes. The synony-
mous mapping f : W — 2" associates each semantic
meaning with a set of syntactic realizations. Their com-
position, the reification mapping g = foe : W — 2",
directly links a pragmatic purpose to all possible syn-
tactic signals. The resulting pragmatic classes are eval-
uated by the utility function U and mapped to physical
actions A; € A, forming the closed loop of pragmatic
information processing.

D.4  The Five Relations Between Layers

The three mappings give rise to five fundamental
relations. The isoteleia mapping e is a pragmatic-to-
semantic relation: a single pragmatic class corresponds
to multiple semantic classes. Conversely, each seman-
tic class maps to exactly one pragmatic class via the in-
verse isoteleia, ensuring the partition is well-defined.
The synonymous mapping f relates semantic to syntac-
tic: a single meaning corresponds to multiple syntactic
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Fig. 8: The hierarchical mapping from pragmatic classes to semantic classes and syntactic symbols, with correspondence to the action space .4 and the utility

evaluation U.

symbols, while each syntactic symbol belongs to ex-
actly one semantic class via the inverse synonymous
mapping. Finally, the reification mapping g directly
relates pragmatic purposes to syntactic signals, associ-
ating a single purpose with the union of all syntactic
symbols in its associated semantic classes.
D.5 Consistency Condition: Semantic Refinement

A critical condition must be satisfied for the
isoteleia mapping to be well-defined: every semantic
class w must be pragmatically homogeneous, meaning
that for any two syntactic symbols w;, w, € W, we must
have a* (w;) = a*(w,). If this fails, the semantic equiv-
alence is too coarse, and we must refine the semantic
partition by splitting w into smaller classes, each homo-
geneous with respect to the optimal action. This opera-

tion, termed semantic refinement, is defined as:

wo W w@ o owl) & {w Ew | a*(w) = aj}.

(25)

Only after such refinement is the isoteleia mapping
uniquely defined.
D.6  Quotient-Space Structure

The syntactic, semantic, and pragmatic layers are
successive quotients of the same original set W: W —>
w2 W. Syntactic information is the finest descrip-
tion, retaining all symbol distinctions. Semantic in-
formation is the quotient by meaning equivalence, dis-
carding differences that do not affect meaning. Prag-
matic information is the quotient by action equivalence,
discarding semantic differences that do not affect op-
timal actions. Thus, the three layers are different lev-

els of abstraction of the same underlying signal, with
the pragmatic layer representing the coarsest, most task-
relevant description. This quotient-space perspective
provides the mathematical foundation for all subse-
quent information-theoretic analyses.

II1. Pragmatic Entropy

In this section, we begin with pragmatic entropy,
the fundamental measure of decision uncertainty, and
then extend to joint and conditional pragmatic en-
tropies, establishing their compatibility with syntactic
and semantic counterparts.

A. Formal Definition of Pragmatic Entropy

Pragmatic entropy is the fundamental measure of
decision uncertainty in a pragmatic information system.
Unlike syntactic entropy, which measures uncertainty
about which symbol will be transmitted, or semantic en-
tropy, which measures uncertainty about which mean-
ing is conveyed, pragmatic entropy measures the uncer-
tainty about which terminal action will be optimal, that
is, the uncertainty that directly affects the system’s abil-
ity to achieve its task objectives. This measure is de-
rived from the utility function U through the Isoteleia
Mapping e : W — 2" which groups semantic sym-
bols into pragmatic equivalence classes based on their
induced optimal actions.

Let W be the syntactic alphabet with probability
mass function P(W), and let W be the semantic alpha-
bet induced by the Synonymous Mapping f : W —
W - oW parti-
tion the semantic space according to the utility function

2W . Let the Isoteleia Mapping e
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U:WxA—- R, as defined in Eq. ([L1]).
For each pragmatic symbol w € W, its probability
is given by:

Pwy= ) P@= ) ) Pw. (0

wee(w) wee(w) wef (W)

Definition 5 (Pragmatic Entropy): The pragmatic en-
tropy of a pragmatic source W is defined as:

H,(W)2 - %" P(w)logP(w), 27
wew

where P(w) is given by Eq. (26). The unit of pragmatic
entropy is the pragmatic bit (Prabit), reflecting that it
measures uncertainty about terminal actions rather than
about symbols or meanings.

Equivalently, pragmatic entropy can be expressed
directly in terms of the syntactic distribution and the

composite Reification Mapping g = f o e : W — 2W:

> P(w))log( > P(w)).

weg(w) weg(w)

H,(W) =~ ) (

wew
(28)

The pragmatic entropy quantifies the minimum av-
erage number of pragmatic bits required to specify the
optimal terminal action. It represents the irreducible de-
cision uncertainty that must be resolved through com-
munication and control.

We now establish the fundamental properties of
pragmatic entropy. These properties are direct conse-
quences of the quotient-space structure and the deter-
ministic nature of the Isoteleia and Synonymous map-
pings.

Lemma 1 (Non-negativity of Pragmatic Entropy): The

pragmatic entropy is non-negative:

H

(W) > 0. (29)

Equality holds if and only if the pragmatic alphabet has
a single element, i.e., there is only one possible optimal
action regardless of the state.

Proof. By definition, P(w) € [0,1] for allw € W,
and Z P(w) = 1. Thus —logP(w) = 0, and the

weighted sum is non-negative. Equality holds if and

only if P(w) = 1 for some w and P(w’) = 0 for all
w’ # w, which means the pragmatic alphabet has cardi-
nality 1. O
Lemma 2 (Pragmatic Entropy Hierarchy): Let H(W)
denote the syntactic entropy (classical Shannon en-
tropy), H,(W) denote the semantic entropy as defined
in semantic information theory, and H (W) denote the

pragmatic entropy. Then:
H,(W) < H(W) < H(W). (30)

Proof. We prove the two inequalities separately.

First inequality: H,(W) < H (W).
W - W parti-
tions the semantic alphabet W into disjoint equivalence

Since the Isoteleia Mapping e

classes, the pragmatic symbol W is a deterministic func-
tion of the semantic symbol W. That is, there exists a de-
terministic function ¢ : W — W such that W = ¢(W).
By the data processing inequality for entropy, the en-
tropy of a function of a random variable cannot exceed
the entropy of the original variable:

H,(W) = H(g(W)) <H(W) =Hy(W).  (31)

Equality holds if and only if the isoteleia mapping is
injective (no two semantic classes are merged into the
same pragmatic class).

Second inequality: H (W) < H(W). This is the
fundamental result of semantic information theory, es-
tablished in [24 23],

Combining both inequalities yields the desired hi-
erarchy. O

This hierarchy captures the essence of pragmatic
information theory: each successive layer of abstrac-
tion reduces uncertainty by discarding distinctions that
are irrelevant to the current level of analysis. The syn-
tactic layer retains all symbol distinctions; the semantic
layer discards distinctions that do not affect meaning;
and the pragmatic layer discards distinctions that do not
affect the optimal terminal action.

We now establish the maximum entropy principle
for pragmatic entropy, which characterizes the upper
bound of decision uncertainty given the pragmatic al-
phabet.

Lemma 3 (Maximum Pragmatic Entropy): Let W be
the pragmatic alphabet with cardinality |W| = L. The
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pragmatic entropy satisfies:
H,(W) <logL. (32)

Equality holds if and only if the pragmatic symbols are
uniformly distributed, i.e., P(w) = 1/L forallw € W.

Proof. Applying the standard entropy maximization ar-
gument, we know that the entropy is maximized when
the distribution is uniform. Therefore, H, (W) < logL,
with equality if and only if P(w) = 1/L forall w €
w. O
Corollary 1 (Hierarchy of Maximum Entropies): Let
L, =W Ls = W)\, and L = |W)| denote the cardinali-
ties of the pragmatic, semantic, and syntactic alphabets,
respectively. Since the Isoteleia and Synonymous map-
pings are quotient mappings, we have L, < L, < L.

Consequently:
logL, <logLg <logL. 33)

Combining with Lemma [}, we obtain the full hierarchy

of maximum entropies:

H

(W) <logL, < logLg <loglL. (34)

p\

Remark 1: The maximum pragmatic entropy log L), is
strictly less than the maximum semantic entropy log L
whenever the Isoteleia Mapping is non-injective (i.e.,
when multiple semantic classes merge into the same
pragmatic class). This reflects the fundamental princi-
ple that the goal-directed compression of semantic dis-
tinctions reduces the theoretical upper bound of deci-
sion uncertainty. In the extreme case where all semantic
classes map to a single pragmatic class (i.e., the same
action is optimal for all states), we have L, = 1 and
H,(W) =0, indicating that there is no decision uncer-
tainty whatsoever.

The maximum pragmatic entropy lemma provides
a theoretical limit on the amount of decision uncertainty
that can exist in a pragmatic information system. It also
serves as a design guideline: to maximize the informa-
tion content of pragmatic communication, the system
should be designed such that the pragmatic symbols
are as uniformly distributed as possible, within the con-
straints imposed by the utility function and the environ-
ment.

Example 1 (Autonomous Vehicle Decision-Making):
We now present a concrete numerical example to il-
lustrate the calculation and interpretation of pragmatic
entropy, comparing it with syntactic and semantic en-
tropies. Consider an autonomous vehicle approaching
an intersection. The vehicle’s perception system ob-
serves three possible traffic light states, which serve as
the syntactic alphabet W = {w, w,, w3} with probabili-
ties P(W) = {0.6,0.3, 0.1}, representing green, yellow,
and red lights, respectively.

The vehicle’s semantic interpretation groups traf-
fic lights into two meaning classes: w; = “Proceed
with caution” (green and yellow) with P(w;) = 0.9,
and w, = “Stop” (red) with P(w,) = 0.1. The decision
utility U(w, a) for actions a¢; = Go and a, = Stop is
given in Table [,

TABLE II: Utility function U (w, a) for autonomous vehicle

decision example.

State w Go (ay) Stop (a,)
w, (green) +10 -5
w, (yellow) -2 +1

ws (red) -100 +5

For each semantic class, the expected utility is
E[U(Go)w;] = (0.6/0.9) 10+ (0.3/0.9) * (-2) = 6,
E[U(Stop)|w;] = (0.6/0.9)%(=5)+(0.3/0.9) = (+1) =
-3, E[U(Go)|w,] = (0.1/0.1) = (-=100) = —100, and
E[U(Stop)|w,] = (0.1/0.1) = (+5) = +5. Thus, the
optimal action for w; is Go (6 > -3), while for W, it
is Stop (—=100 < +5). The Isoteleia Mapping induces
two pragmatic classes: w, = “Go” containing w; with
P(w,) = 0.9, and w, = “Stop” containing w, with
P(w,) =0.1.

The syntactic entropy is H(W) = —[0.610g0.6 +
0.310g0.3 + 0.110og0.1] = 1.295 bits. The seman-
tic entropy is Hy(W) = —[0.910g0.9 + 0.110g0.1] =
0.469 sebits. The pragmatic entropy is H,(W) =
—[0.910g0.9 + 0.110g0.1] = 0.469 prabits. In this ex-
ample, H,, = H, because each semantic class maps to a
distinct pragmatic class (the Isoteleia Mapping is injec-
tive), yet the hierarchy H, = 0.469 < 1.295 = H(W)
still holds.

The syntactic entropy of 1.295 bits represents the
uncertainty about the specific traffic light color ob-
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served. The semantic entropy of 0.469 sebits captures
the uncertainty about whether the vehicle should “Pro-
ceed with caution” or “Stop” based on the meaning of
the observation. The pragmatic entropy of 0.469 pra-
bits reflects the uncertainty about the optimal terminal
action, which ultimately determines the vehicle’s behav-
ior. The reduction from syntactic to pragmatic entropy
(from 1.295 to 0.469 bits) demonstrates that the vehicle
does not need to distinguish between green and yellow
lights to make the correct decision; it only needs to dis-
tinguish between “Go” and “Stop” situations.

This example demonstrates how the pragmatic en-
tropy measure provides a principled way to quantify
the minimum decision uncertainty that must be resolved
through communication and control, thereby establish-
ing the theoretical foundation for resource allocation
and system design in pragmatic information systems.
B. Pragmatic Joint Entropy and Conditional En-

tropy

Building upon the definition of pragmatic entropy
for a single variable, we now extend the framework to
multiple semantic/pragmatic variables. This extension
is essential for analyzing the dependencies and infor-
mation flows between different components of a prag-
matic information system, such as the relationship be-
tween the transmitted pragmatic intention and the re-
ceived pragmatic interpretation.

To formalize the joint behavior of two pragmatic
sources, we first extend the Isoteleia Mapping to the
joint and conditional cases. Let W and V be two prag-
matic alphabets, with associated semantic alphabets W
and 7, respectively. Let the corresponding syntactic al-
phabets be W and V, with a joint distribution P(W, V).
Definition 6 (Joint Isoteleia Mapping): The joint
Isoteleia Mapping

eyt W x Y — 207 (35)

is defined by its preimage: for each pair of pragmatic
symbols (w,v) € W x V, the image is the set of all se-
mantic pairs (W, ) that jointly induce the same optimal
terminal actions:

ey (w.v) 2 {(0,7) € Wx P arg max B[U(W, a) ]
a

= w, argmax B[U(V,b)[F] = v}. (36)

This mapping partitions the joint semantic space W x V7
into equivalence classes according to the pair of optimal
actions.

Definition 7 (Conditional Isoteleia Mapping): Given
a specific pragmatic symbol w € W, the conditional
Isoteleia Mapping

ey (vlw) : ¥V — 2V (37)

is defined as the set of semantic symbols ¥ that, together
with the given w, lead to the optimal action v:

ey (vIw) 2 {v eV

argrgleaz)chE[U(V,b)lﬁ,y] = y} .
(38)

This mapping captures the pragmatic equivalence of the
second variable conditioned on the first pragmatic class.

The joint and conditional synonymous mappings
have been established in the semantic information the-

ory literature (24231,

The joint synonymous map-
ping partitions the syntactic product space according
to meaning identity, while the conditional synonymous
mapping partitions the syntactic space of one variable
given the semantic class of the other. We will leverage
these existing definitions in the subsequent entropy for-
mulations.

With the joint and conditional isoteleia mappings
defined, we can now introduce the corresponding en-
tropy measures.

Definition 8 (Pragmatic Joint Entropy): Let (W, V) be
a pair of pragmatic random variables derived from the
syntactic pair (W, V) via the joint isoteleia mapping
e,,»- The pragmatic joint entropy is defined as the
Shannon entropy of the joint pragmatic distribution:
H,(W,V) 2% > P(w,v)logP(w,v), (39)
weWw veV
where the joint pragmatic probabilities are obtained by
aggregating over all semantic and syntactic fibers:

Pwv)= Y P(b)

B (w,v)€e,, (w,v)

P(w,v), (40)

(w,v)ee,, (w,v) (W,v)Ef,, (W,D)



* 26 Journal on Communications

47 %

with f;,, denoting the joint Synonymous Mapping.
Definition 9 (Pragmatic Conditional Entropy): There
are two natural variants of pragmatic conditional en-
tropy, depending on whether the conditioning variable
is syntactic or pragmatic.

(a) Pragmatic conditional entropy of V given
the syntactic variable W:

H,(VIW) 2 = %" % P(w)P(vw) log P(vIw), (41)

weW veV

Z P (¥|w) is the pragmatic distribu-

vée(v)

where P(v|w) =

tion of V conditioned on a specific syntactic observation
w.

(b) Pragmatic conditional entropy of V given
the pragmatic variable W:

H,(VIW) £ = % % P(w,v)logP(uw), (42)

weWw vey
where P(vlw) = P(w,v)/P(w).

Similarly, one can define H,(W|V) and H, L (WIV)
by symmetry. The choice between conditioning on syn-
tactic or pragmatic variables depends on the applica-
tion: H,(VIW) measures the residual decision uncer-
tainty after observing the exact syntactic signal, while
H,(VIW) measures the uncertainty of one decision
given the other decision.

Analogous to semantic entropy, pragmatic entropy
does not satisfy the exact additive chain rule of classical
entropy; instead, it satisfies a series of inequalities that
reflect the coarsening of information. We first establish
the chain rule for a pair of pragmatic variables.
Theorem 1 (Chain Rule for Binary Pragmatic En-
tropy): For any two pragmatic variables W and V de-
rived from syntactic variables W and V via the isoteleia
and synonymous mappings, the following chain of in-
equalities holds:

H,(W) + H,(VIW) < H,(W,V) < H(W) + H,(VIW),

(43)
and symmetrically,

H, (V) + H,(WV) < H,(W, V) < H(V) + H,(W|V).

(44)

Proof. Letgy : W —2W andgv : V - 2V be the reifi-
(W) and V=gy L)
are deterministic functions of W and V, respectively.

cation mappings, so that W = gy,

For any w € W, define its preimage set
W, 2{weW:gyw) =wh

and similarly V, 2 {(veV:gy) = v} The aggre-

gated probabilities are

pw.v)= Y ) plwv).

weWw,, vel,

pw)= Y pw),

wew,,

For a fixed w, the conditional distribution of V

given W = wis

SOl Y B, @)

weW pw

Z p(v | w). Thus, for each w,

vevV,

where p(v | w) 2

the distribution p(- | w) is a mixture of the distributions

p(w)
p(w)’

Since the Shannon entropy is concave,

{p(-Iw):weW,} with weights ——

Hip(-lw) > Y &

weW P(

H(P( | w)). (46)

Multiplying by p(w) and summing over w:

Y Y pwmH P w)).

wowew,,

Y PWH(p(- [w)) >
(47)

The left-hand side is H, (VI W), and the right-hand side
is H,(V | W). Hence,

H,(V|W) >

H,(V|W). (43)

Since W and V are ordinary random variables, the

classical chain rule applies:
H,(W.V) =H,(W)+H,(V|W). (49)

Substituting (48) into (#9) yields the left inequality of

@3):

H,(W,V) > H,(W) + H,(V | W). (50)
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For the right inequality of (#3), since W is a func-
tion of W,

H,(W.V) =HW,V) <HW.,V)=H(W) +H(V |W)

—HW) + H,(V | W), (51)

which proves the right inequality.

The symmetric chain (44) follows by interchang-
ing W and V, noting that V is a function of V, and ap-
plying the same mixture-entropy argument to p(- | v).
This completes the proof. O

The chain rule (Eq. #3) reveals that pragmatic joint

entropy lies between two bounds: the lower bound is
the sum of the marginal pragmatic entropy of W and
the pragmatic uncertainty of V given the syntactic ob-
servation W; the upper bound is the sum of the syntac-
tic entropy of W and the same pragmatic conditional
term. This intermediate position reflects the fact that
pragmatic abstraction reduces uncertainty, but not as
much as semantic abstraction.
Theorem 2 (Hierarchy of Binary Joint Entropies): For
any two syntactic variables W and V with their associ-
ated semantic variables W,V and pragmatic variables
W, V, the following inequality holds:

H,(W.V) < H(W.,V) < HW,V). (52)

Moreover, equality in the first inequality holds if and
only if the isoteleia mapping is injective on the joint
semantic space (i.e., no two distinct semantic pairs are
merged into the same pragmatic pair). Equality in the
second holds if and only if the joint synonymous map-
ping is injective (no two distinct syntactic pairs share
the same semantic meaning).
Proof. We prove the two inequalities separately.

First inequality: H,(W,V) < Hy(W, V).

By definition, the pragmatic variables are deter-
ministic functions of the semantic variables via the joint

Isoteleia mapping:

(W, V) = e, (W, V), (53)

where e;;! is the inverse of the isoteleia mapping that
collapses each semantic equivalence class to a single
pragmatic symbol. Since (W, V) is a deterministic func-

tion of (W, V), the joint entropy of a function of a ran-
dom variable cannot exceed the joint entropy of the orig-
inal variable. Applying the data processing inequality
for entropy:

H,(W,V) = H(ey (W, V) <HW,V) = H(W, V).

(54)

Equality holds if and only if the mapping is injective,
i.e., no two distinct semantic pairs are merged.
Second inequality: H (W, V) < H(W,V).
Similarly, the semantic variables are deterministic
functions of the syntactic variables via the joint synony-

mous mapping:

(W, V) =fl (W, V), (55)

where f;;! collapses each syntactic equivalence class to
a single semantic symbol. Hence,

H(W.V) = H(f,,}(W,V)) <H(W, V). (56)

Equality holds if and only if the joint synonymous map-
ping is injective.
Combining both inequalities yields the desired hi-
erarchy. O
We now extend this result to sequences of prag-
matic variables. To do so, we first define the sequential
extension of the joint reification mapping.
Definition 10 (Sequential Joint Reification Mapping):
Let gy : W xV — 2W*V be the joint Reification
Mapping that partitions the joint syntactic space W x 1V

into pragmatic equivalence classes. Its n-th extension

Sy WXV — 2V (57)
is defined by
n
gy v & T ewy wv)), (58)
i=1
where w" = (w,,...,w,)andv" = (v,,..., v, ) are prag-

matic sequences, and the product denotes the Cartesian
product of sets. In other words, a pragmatic sequence
pair (w",v") corresponds to the set of all syntactic se-
quence pairs (w”,v") such that for every position i,

(Wi vi) € gwy (W, v;).
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The marginal sequential pragmatic variables W"
and V" are then obtained by projecting from the joint
pragmatic sequence. The probability of a pragmatic se-
quence pair is given by

P(w",v") = Pw* v,  (59)

(W v egy,, (w",v")
Theorem 3 (Chain Rule for Sequential Pragmatic En-
tropy): Let (W ,W,

matic variables derived from the syntactic sequence

,..-» W, ) be a sequence of prag-

(Wi, W,,...,W,) via the sequential joint Reification
Mapping. Define the sequential partial entropy

Hy (WY Wy ) % ) H

k-1
m 4 p W Wy ) +

n

> Hy(WdW, Whl), (60)
k=m+1
where the notation ﬂ'ln denotes the block
(W,,....W ),and W} | denotes the block

(W,s15---» W,,). Then the following chain of inequali-
ties holds:

n
Y H,W WK <H, W) < B,W;LW,) < -

k=1
H,(W, W) < H,(W}),
(61)

where the last term H (W) denotes the syntactic en-
tropy of the full sequence.

Proof. The proof follows by iteratively applying the bi-
nary chain rule to each adjacent pair in the sequence.
Starting from the full pragmatic joint entropy H, (E'}’ )s
we use the binary chain rule to bound it in terms of the
entropy of the first n — 1 variables and the last vari-
able, either conditioned on the syntactic or pragmatic
prefix. By gradually replacing pragmatic conditioning
with syntactic conditioning, we obtain the chain of in-
equalities. The details are analogous to the semantic
sequential chain rule established in [24 23] with the sub-
stitution of pragmatic entropies. O
Theorem 4 (Hierarchy of Sequential Joint Entropies):
Let W" = (W,,..., W,) be a syntactic sequence, with
associated semantic sequence W” and pragmatic se-
quence W" obtained by applying the Synonymous and

Isoteleia mappings element-wise (or, equivalently, by
the sequential joint Reification Mapping). Then:

H,(W") < H(W") < HW"), (62)

where H, (W"), HS(W”), and H(W"™) denote the joint
entropies of the entire sequences.

Proof. The proof follows directly from the element-
wise deterministic mappings. Since the sequential joint
reification mapping is defined as the product of the indi-
vidual mappings, the entire pragmatic sequence W" is
a deterministic function of the semantic sequence W”,
and W" is a deterministic function of the syntactic se-

quence W”. Therefore:
HP(En) = H(e™"(W")) S H(W™) = H{(W"), (63)
and

H (W™ = H(f™(W")) < H(W"). (64)

Combining these yields the desired hierarchy. O
Corollary 2 (Hierarchy of Sequential Conditional En-
tropies): For any m with 1 < m < n, the sequential

Spartial entropies also satisfy the same ordering:

H, (W, Wi, ) < H(W,We ) < HW"),
(65)

where the partial entropies are defined as in the chain
rule (Eq. (60)). This follows because the partial en-
tropies are linear combinations of conditional entropies,
each of which obeys the single-variable hierarchy.
Remark 2: The hierarchy theorems reveal a layered
structure of uncertainty: syntactic entropy captures all
symbol-level distinctions; semantic entropy removes
meaningless syntactic variations; and pragmatic en-
tropy further removes decision-irrelevant semantic dis-
tinctions. Each successive coarsening reduces the joint
entropy, providing a principled foundation for multi-
level source coding and compression in pragmatic com-
munication systems.

Example 2 (Multi-Vehicle Autonomous Driving Sce-
nario): We now present a concrete numerical example
to illustrate the computation and interpretation of prag-
matic joint and conditional entropies, with particular
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emphasis on distinguishing pragmatic entropy from se-
mantic entropy. Consider two autonomous vehicles,
Vehicle A and Vehicle B, approaching an intersection.
Each vehicle must decide whether to “Go” or “Stop”
based on its observed traffic light state and, potentially,
the state of the other vehicle.

Let the syntactic state of Vehicle A be W €
{wy,wy, w3, w,} representing green, yellow, red-short,
and red-long, respectively; Vehicle B’s state V has the
same interpretation. The joint probability distribution
P(W,V) is given in Table , with marginals P(w) =
0.23, P(wy) = 0.22, P(wsz) = 0.25, P(wy) = 0.30,
and similarly for V.

TABLE I1I: Joint probability distribution P(W, V) for two

vehicles.

P(W,V) vy (green) v, (yellow) v3 (red-short) v, (red-long)
w (green) 0.12 0.06 0.03 0.02

w, (yellow) 0.06 0.10 0.04 0.02

ws (red-short) 0.03 0.04 0.12 0.06

wy (red-long) 0.02 0.02 0.06 0.20

The synonymous mapping groups the syntactic
states into three semantic classes: w; = ¥; = “Pro-
ceed with caution” (green and yellow) with probability
0.45, wy = v, = “Stop-short” (red-short) with proba-
bility 0.25, and w5 = ¥3 = “Stop-long” (red-long) with
probability 0.30. Under a safety-first utility, the opti-
mal action for w; is “Go”, while for both w, and w5 it is
“Stop”. The isoteleia mapping therefore merges the two
stop classes into a single pragmatic class: w, = “Go”
containing w; with probability 0.45, and w, = “Stop”
containing w, and w5 with probability 0.55. The same
mapping applies to Vehicle B.

Aggregating the syntactic probabilities yields the
semantic joint distribution P(W, V) (Table [V]) and the
pragmatic joint distribution P(W,V) (Table M). The
syntactic joint entropy is H (W, V) =~ 3.6314 bits; the se-
mantic joint entropy is H (W, V) = 2.7563 sebits; and
the pragmatic joint entropy is H,(W,V) ~ 1.7509 pra-
bits, confirming the hierarchy H,, < H; < H. Marginal
entropies are H (W) = 1.5395 bits and H,(W) =
0.9928 prabits.

The pragmatic conditional entropy is H,, (VIW) =

H,W.,V) - H,(W) = 0.7581 prabits, while

TABLE IV: Joint semantic distribution P(W, V).

P(W,V) ¥, (Proceed) ¥y ¥ (Stop-long)
(Stop-short)
w (Proceed) 0.34 0.07 0.04
#, (Stop-short) 0.07 0.12 0.06
5 (Stop-long) 0.04 0.06 0.20

TABLE V: Joint pragmatic distribution P(W, V).

PW.V) v, (Go) v, (Stop)
w, (Go) 0.34 0.1
w, (Stop) 0.11 0.44

H,(VIW) = H,(W,V) - H(W) ~ 2.7328 — 1.9893 =
0.7435 prabits. The binary chain rule is verified:
H,(W) + H,(VIW) = 09928 + 0.7435 = 1.7363 <
H,(W,V) = 17509, and H,(W,V) = 17509 <
H(W)+H,(VIW) = 19893 +0.7435 = 2.7328. These
results (summarized in Table V1) demonstrate that prag-
matic abstraction, by merging semantically distinct but
action-equivalent states, reduces joint uncertainty be-

yond semantic abstraction.

TABLE VI: Comparison of joint and conditional entropies.

Entropy Measure Value (bits/sebits/prabits)
Syntactic Joint Entropy H (W, V) 3.6314
Semantic Joint Entropy H, (W, V) 2.7563
Pragmatic Joint Entropy H,,(W, V) 1.7509
Pragmatic Marginal Entropy H, (W) 0.9928
Pragmatic Conditional Entropy H,, (V|W) 0.7581
Pragmatic Conditional Entropy H, L (VIW) 0.7435

This example illustrates the key insight: prag-
matic entropy is strictly less than semantic entropy
when the isoteleia mapping merges distinct semantic
classes that share the same optimal action. The two
types of “stop” (short red and long red) are semantically
distinct but pragmatically equivalent, resulting in a joint
pragmatic entropy (1.7509 prabits) that is significantly
lower than the joint semantic entropy (2.7563 sebits).
This reduction quantifies the decision-irrelevant infor-
mation that can be discarded in a pragmatic communi-

cation system.

IV. Pragmatic Relative Entropy and Prag-

matic Mutual Information

We now introduce the information-theoretic ana-
logues of relative entropy and mutual information at
the pragmatic level. These measures quantify the diver-
gence between probability distributions and the statisti-
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cal dependence between variables, respectively, when
the comparison and dependency are evaluated at the
level of terminal actions rather than symbols or mean-
ings.
A. Pragmatic Relative Entropy

In classical information theory, the relative en-
tropy (Kullback-Leibler divergence) [#3] between two
probability mass functions p(w) and g(w) over a
syntactic alphabet W is defined as D(plg) =

ZP(W) IOgP(W). Semantic information theory [24- 23]
> q(w)

extends this by introducing semantic relative entropies
that aggregate probabilities over synonymous sets,
thereby measuring divergence at the meaning level.
In pragmatic information theory, we further aggregate
over pragmatic equivalence classes induced by the
isoteleia mapping, so that the divergence is evaluated
with respect to the terminal actions that the variables
induce. This yields three forms of pragmatic relative
entropy: full, partial (Type I), and partial (Type II),
which correspond to different ways of combining the
pragmatic aggregation with the syntactic or semantic
distributions.

Let W be a syntactic alphabet with two probability
mass functions p(w) and g(w), w € W. Let W be the as-
sociated semantic alphabet induced by the synonymous
mapping f : W — 2", and let W be the pragmatic al-
phabet induced by the isoteleia mapping e : W — W
according to a given utility function U : W x A - R.
The pragmatic partition of W is given by the equiva-
lence relation ~, defined in Eq. (13), which groups
syntactic symbols that lead to the same optimal action.
Equivalently, the pragmatic classes w € W are the

atoms of the partition IT =W/ ~,. For each prag-

prag
matic class w, its probability under a distribution p is

defined as

Y plw), (66)

weg(w)

pp(w) 2

where g = f o e : W — 2" is the reification mapping.
Similarly, we define g, (w) for the distribution g.

Definition 11 (Pragmatic Relative Entropy): Given
two probability mass functions p(w) and g(w) on the
syntactic alphabet W, and the pragmatic partition in-

duced by the reification mapping g, we define the fol-
lowing three forms of pragmatic relative entropy:

(a) Full Pragmatic Relative Entropy:
Pp(W)

A pr—
D,(plig,) 2 EEzwpp (w) log PRI (67)

(b) Partial Pragmatic Relative Entropy (Type

I):
Pp(W)
D,(pyllg) 2 D> Y p(w)log q”(w) . (68)
weW weg(w)
(c) Partial Pragmatic Relative Entropy (Type
1D):

D,plgy 2 Y Y poniog 2L (6)

These definitions mirror the semantic relative en-
tropies 24 23] but with the aggregation performed over
pragmatic classes instead of semantic classes. The
full pragmatic relative entropy compares the pragmatic
marginal distributions directly. The partial Type I com-
pares the aggregated pragmatic distribution of p against
the fine-grained syntactic distribution of ¢, while the
partial Type Il compares the fine-grained syntactic dis-
tribution of p against the aggregated pragmatic distri-
bution of g. As in the semantic case, D, (pllg,) may
be negative; in practice, one can take its positive part
(Dp(plig,)) ™.

We now establish the fundamental properties of
pragmatic relative entropy. These properties are anal-
ogous to those of semantic relative entropy, with the
pragmatic partition replacing the semantic partition.
Theorem 5 (Pragmatic Information Inequality): Let p
and g be two probability mass functions on . Given
the Reification Mapping g, the following inequalities
hold:

D, (p,lig,) >0,
D, (pyllg) = D, (p,lp), (70)
D, (plig,) = D, (plp,),

with equality in the first inequality if and only if
Pp(w) = q,(w) forallw € W; equality in the second if
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= ¢g(w) for all w within each pragmatic
=q,(w)

and only if p(w)
class; equality in the third if and only if p,, (w)
for all w.

Proof. For the first inequality, by Jensen’s inequality
applied to the negative of D,,(p,llg,,), we have

(w)
=D, (p,llg,) = Y p,(w)log )
< log pr ”» (71)
= log) q,(w) = (72)
Thus D, (p,lg,) = 0, with equality iff p, = g,
For the second inequality, we compute
Pp(w)
D, (ppllg) =Dy (pylp) =Y > p(w)log TN
Wweg(w) q\w
Pp(w)
p(w) log
;we;w p(w)
(73)
=> ) p< log (74)
Wweg(w
=D(plq) > 0. (75)

The last inequality is the classical Gibbs inequality,
with equality iff p = g pointwise. Hence D, (p,lq) >

Dy, (pyllp).
For the third inequality,

p(w)

D, (plg,) =D, (plp,) =Y > p(w)log o) "
Wweg(w) =
p(w)
;weg@p (wlog ), W)
(76)

(77)
=D,(p,llq,) = 0. (78)

> D, (plp,). This completes the proof.
O

Thus D, (plig,)

Corollary 3 (Ordering of Pragmatic Relative En-
tropies): The three forms of pragmatic relative entropy

satisfy the following chain of inequalities:
D,(pylg).  (79)

D, (pllg,) < D,(p,lg,) <

Proof. Detailed derivations are analogous to the seman-
tic case shown in [24. 23], O
Corollary 4 (Relation to Classical and Semantic Rel-
ative Entropies): Let D(pllg) denote the classical rel-
ative entropy, and let Dy(p;lgs), Ds(p4llg), Ds(pligs)
denote the full and partial semantic relative entropies
as defined in [24.23],
hold:

Then the following relationships

D, (pllg,) <Ds(pligy) <D(plg) <Dy (psllg) <D, (pylg),
(80)

where p, and g, denote the semantic aggregations, and

Pp»q, denote the pragmatic aggregations. More pre-
cisely, we have the two separate chains:

D, (plig,) < Dy(plgy) < D(pllg), (81)
and

D(pllq) < Dy(pslig) < D, (pyllq). (82)

Proof. The semantic relative entropies are defined by
aggregating over the semantic partition, which is finer
than the pragmatic partition (since multiple semantic
classes may merge into one pragmatic class). By the
data processing inequality for relative entropy [(#3] (or
by applying the chain of inequalities analogous to the se-
mantic case), the coarser aggregation (pragmatic) yields
a smaller or equal divergence when the first argument is
aggregated and the second is fine-grained, and a larger
or equal divergence when the first is fine-grained and
the second is aggregated. The classical relative en-
tropy lies between the semantic partial entropies as es-
tablished in (2423,
desired hierarchy. O

Combining these facts yields the

Theorem 6 (Convexity): The pragmatic relative en-
tropies D, (p,llg,,), D, (p,lq), and D, (pllg,,) are convex
in the pair of distributions (p, g). That is, for any two

pairs (p1,q;) and (p,,¢,), and for 0 < 6 < 1, we have
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D,(6p, 1 + (1= 0)p,1l0q,, + (1 -0)g,5) tainty from different perspectives. Furthermore, we ex-

tend the framework to four single-sided pragmatic mu-

S 0Dy (pp,illdp,1) + (1= 0)Dy (pp 219p2) tual information measures that characterize the informa-

D,(0p, 1+ (1 =0)p,»ll0q, + (1 —0)q>)
< 6Dp(pp,l||ql) + (1 - H)Dp(pp’ZHqZ),

D,(6py + (1 = 0)palbgp1 + (1 = 6)g, )

< 0D, (p1llgp,1) + (1 = 0)D,(psllg,2)-

(83)

Proof. The proof follows from the joint convexity of
the classical KL divergence and the fact that the prag-
matic aggregation is a linear operation on probabilities.
Each of the three pragmatic relative entropies can be
expressed as a linear combination of classical KL di-
vergences between appropriate fine-grained or aggre-
gated distributions, and the convexity is inherited. De-
tailed derivations are analogous to the semantic case
presented in (24231, O
Remark 3: The pragmatic relative entropy measures
the difference between two probability distributions at
the level of terminal actions. The full pragmatic relative
entropy D, (p,lg,) quantifies how much the decision-
oriented distributions differ. The partial measures al-
low comparison between a decision-level distribution
and a syntactic-level distribution, which is useful in sce-
narios where one belief is expressed in actions (e.g.,
a control policy) and the other in raw observations.
The hierarchy in Eq. (80) shows that pragmatic abstrac-
tion—by discarding distinctions that do not affect the
optimal action—reduces the divergence when compar-
ing fine-grained against coarse-grained distributions,
and increases the divergence when comparing coarse-
grained against fine-grained, perfectly mirroring the
information-theoretic processing inequality for relative
entropy under coarse-graining.
B. Pragmatic Mutual Information

In semantic information theory, two distinct forms
of mutual information—the up and down semantic mu-
tual information—were introduced to account for the

24,231 Analo-

non-additive nature of semantic entropy [
gously, we define up and down pragmatic mutual infor-

mation, which capture the reduction in decision uncer-

tion flow when only one side of the communication link
is coarsened to the pragmatic level. These measures are
essential for analyzing perception, expression, and re-
construction in task-oriented systems.
B.1 Definitions of Up and Down Pragmatic Mutual
Information

Let W and V be two syntactic alphabets with a
joint probability mass function P(W, V), and let the as-
sociated pragmatic alphabets be W and V induced by
the joint reification mapping

gwv : WxV — 2WXV, (84)

which partitions the joint syntactic space W x V into
pragmatic equivalence classes. The pragmatic vari-
(W V)and V =

gwhy (W, V). More precisely, the pragmatic pair (W, V)

ables are then defined as W = gy

is the unique pragmatic class to which the syntactic pair
(W, V) belongs. Equivalently, the joint reification map-
ping directly induces the joint pragmatic distribution by
aggregating probabilities over the joint syntactic cells:

Pwyv) = )

(wv)egwy (W)

P(w,v). (85)
The marginal pragmatic distributions are obtained by
further summing over the other variable:

P (w,v")

=Y Pw.v. (86)

Definition 12 (Pragmatic Mutual Information): The
up pragmatic mutual information is defined as

P(w,v)
Z ZP(W v 1og%

weW veV

>

P (W; V)

=H(W)+H(V) _Hp(ﬂ7z)v (87)

where (w,v) = gwy(w,v) is the pragmatic class as-
signed to the syntactic pair (w, v).

The down pragmatic mutual information is de-
fined as

Z Z P(w,v)log ——— PW)PO)

I,(W;V) &
weW veV P(W v)
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= H,(W) +H,(V) ~H(W,V),  (88)

We adopt the canonical definition for all subse-
quent rate-distortion and Lagrangian formulations:
L,(W;V) = max {0, H,(W) + H,(V) —H(W,V)} =
(I,)*. The positive-part operation ensures that the
rate-distortion function R, (D) is strictly convex and
bounded below by 0, resolving the ill-posed minimiza-
tion that would otherwise arise.

The up pragmatic mutual information measures
the reduction in the syntactic uncertainty of W and V
when their joint pragmatic structure is taken into ac-
count. It can be interpreted as the maximum amount
of information about the terminal actions that can be
extracted from the syntactic variables. The down prag-
matic mutual information measures the reduction in
pragmatic uncertainty when the joint syntactic structure
is known; it can be seen as the minimum amount of prag-
matic dependence that survives after coarse-graining.

We now establish the fundamental relationships
among the pragmatic, semantic, and syntactic mutual
information measures. For reference, the semantic mu-

tual informations are defined as [24: 23]

IS(W;V)=H(W) +H(V) - H(W,V), (89)
I,(W;V)=H, W) +H (V) -H(W,V).  (90)

Theorem 7 (Hierarchy of Mutual Information): For
any two syntactic variables W,V with associated se-
mantic variables W,V and pragmatic variables W, V,

the following chain of inequalities holds:
L,(W:V) <I(W;V) < I(W;V)
SIEW;V) < IP(W:; V). (91)

Proof. The inequalities follow directly from the en-
tropy hierarchy established in Section [II. Specifically,
I, < I because pragmatic variables are deterministic
functions of semantic variables, implying H,(W) <
H (W) and H,(V) < Hy(V); I, < I because H (W) <

V) < H(V); 1 < I° because H (W, V) <

H(W)and H (V) <
< IP because H,(W, V) < Hy(W, V).

H(W,V);and I*
Combining these yields the desired chain. O

Beyond the inequality chain, we can derive ex-
plicit additive decompositions that reveal the incre-

mental contributions of semantic and pragmatic coarse-
graining.

Theorem 8 (Additive Decomposition of Up Pragmatic
Mutual Information): The up pragmatic mutual infor-
mation can be decomposed into the up semantic mutual

information plus a pragmatic increment:
PW;V) =W, V) + AP (W, V), (92
where the pragmatic increment is
AP (W, V) 2 H(W,V) -H,(W.V) >0.  (93)

Furthermore, the up pragmatic mutual information can
also be decomposed relative to the classical mutual in-

formation:

P(W;V) = L(W; V) + AP (W, V) + AP (W, V),
(94)

where

is the semantic increment (the reduction in joint entropy
due to semantic coarse-graining).

Proof. From the definitions, 1”7 = H(W) + H(V) -
H,(W.V). Adding and subtracting H (W, V):

P =[HW)+H(V)-H,(W,V)] +
[HS(Ws ‘7) _HP(E’Z)]
=I5+ AW, (96)

For the second decomposition, add and subtract
H(W,V):

1P =[HW)+H((V)-HW,V)]

+[HW,V) —Hg (W, V)]

+ [H(W,V) —H,(W,V)]
=1+ A+ AP, 97)

The non-negativity follows from the entropy hierarchy.
O
Theorem 9 (Additive Decomposition of Down Prag-
matic Mutual Information): The down pragmatic mu-
tual information can be decomposed into the down se-
mantic mutual information minus a pragmatic loss:
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LW V) = I(W; V) — Agown(W, V), (98)
where the pragmatic loss is
AW, V) 2 [H((W) — Hy(W)] +
[Hy(V) - H,(V)] > 0. 99)

Furthermore, the down pragmatic mutual information
can be decomposed relative to the classical mutual in-

formation:

L(W;V) = LW V) = A" (W, V) = Ago™ (W, V),
(100)
where
Adov (W, V) £ [H(W) — Hy(W)] +
[H(V)-H,(V)] >0,  (101)

is the semantic loss.
Proof. Froml, = H,(W)+H,(V)-H(W,V). Adding
and subtracting H,(W) and H(V):

I, = [Hy(W) + Hy(V) = H(W,V)]
p

- [Hy(W) (W)]

- H w
- [Hy(V) = H, (V)]
= I, — Adown, (102)

For the classical decomposition, add and subtract H (W)
and H(V):

I, =[HW)+HV)-HW,V)]
— [H(W) - Hy(W)]
—[H(V) - H (V)]
— [H(W) — H,(W)]
— [H (V) - H,(V)]
(103)

=] - A?own _ A[d)own_

The non-negativity follows from the entropy hierarchy.

O
Remark 4: The additive decompositions reveal a clear
structural interpretation: the up pragmatic mutual infor-
mation adds the information gains from each layer of

abstraction, while the down pragmatic mutual informa-
tion subtracts the information losses. The classical mu-
tual information serves as the central reference point.
The inequalities 1, < Iy < I < I¥ < [P follow immedi-
ately from the non-negativity of the increments/losses.
B.2  Single-Sided Pragmatic Mutual Information

In many engineering scenarios, the coarse-
graining to the pragmatic level occurs on only one
side of the communication link. For instance, in
perception tasks, the source W is coarsened to W (the
action), while the observation V remains syntactic.
Conversely, in expressive or reconstructive tasks, the
source remains syntactic while the reconstruction or
observation is coarsened to V (the action label). To
capture these asymmetric situations, we define four
single-sided pragmatic mutual information measures.

Let W and V be syntactic variables with joint dis-
tribution P(W, V), and let W and V be the correspond-
ing pragmatic variables induced by the respective reifi-
cation mappings. The following four measures are de-
fined.
Definition 13 (Single-Sided Pragmatic Mutual Informa-
tion):

1) Perceptual Pragmatic Mutual Information
(PPMI):

L,(W;V) £ H,(W) + H(V) = H(W, V)

=H,(W) - H,(W|V) =1(W;V), (104)

This measure quantifies how much information the syn-
tactic observation V carries about the pragmatic action
Ww.

2) Prospective Perceptual Pragmatic Mutual
Information (PPPMI):

P(W;V) 2 HW) + H(V) —H(W,V),  (105)

This measure provides an upper bound on the per-
ceptual information when the syntactic entropy of the
source is retained in the marginal term.

3) Expressive Pragmatic Mutual Information
(EPMI):

L,(W;V) £ HW) + H,(V) -H(W,V)

=H(W) - HWIV) =I(W;V), (106)
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This measure quantifies how much information about
the syntactic source W is contained in the pragmatic la-
bel V.

4) Prospective Expressive Pragmatic Mutual
Information (PEPMI):

P(W;V) 2 HW) +H(V) -H(W,V),  (107)

This measure provides an upper bound on the expres-
sive information when the syntactic entropy of the ob-
servation is retained.

The naming reflects their roles: “Perceptual”
refers to the direction from observations to actions; “Ex-
pressive” refers to the direction from actions to source
reconstruction. The prefix “Prospective” indicates that
the measure uses the syntactic (larger) marginal en-
tropy, thus providing an upper bound.

These four measures, together with the classi-

cal mutual information 7(W;V) and the two bilateral
pragmatic mutual informations /. (W, V) andIP(W; V),
form a complete lattice of information quantities that
cover all combinations of coarse-graining (none, one
side, both sides) and marginal entropy type (syntactic
or pragmatic).
Theorem 10 (Hierarchy of Single-Sided and Bilateral
Measures): For any syntactic variables W, V with asso-
ciated pragmatic variables W, V, the following inequal-
ities hold:

L,(W;V) < L(W:V) < I(W;V)

<IP(W;V) < IP(W; V), (108)
LW V) <L(W:V) < I(W;V)
SIP(W;V) < IP(W3 V). (109)

Moreover, the cross comparisons between the left chain
(perceptual) and the right chain (expressive) are gener-
ally incomparable, except that any measure from the
lower (pragmatic marginal) side is bounded above by
any measure from the upper (syntactic marginal) side:
L,(W;V) < I(W;V) < IP7(W;V), and
L,(W;V) < I(W; V) < IP(W;V). (110)

Proof. The left chain in Eq. (10§) follows from four
successive inequalities. First, 1, (W;V) <1,(W;V) be-

cause V is a function of V (data processing inequality).
Second, L,(W;V) < L(W;V) because W is a function
of W. Third, I(W;V) < IP(W;V) since IP(W;V) =
I(W;V)+ [HW)-HW)]-HWW,V) > I(W;V).
Fourth, I7(W;V) < IP(W;V) because I?(W;V) =
IP(W; V) + [H(V) —H(V)] - H(VIW, V) > IP(W; V).
The right chain in Eq. (109) follows by symmetry.

The cross bounds between perceptual and expres-
sive measures are direct consequences of the fact that
any single-sided measure with a pragmatic marginal en-
tropy (PPMI or EPMI) is bounded above by the classi-
cal mutual information, while any single-sided measure
with a syntactic marginal entropy (PPPMI or PEPMI)
is bounded below by the classical mutual information.
The incomparability between PPMI and EPMI (and sim-
ilarly between PPPMI and PEPMI) can be demonstrated
by constructing examples where one exceeds the other,
depending on the relative losses of coarse-graining on
each side. O
B.3  Sequential Chain Rules for Pragmatic Mutual In-

Jformation

We now extend the pragmatic mutual informa-
tion to sequences, including the single-sided measures.
Let (W", V") be a pair of syntactic sequences, and let
(W", V") be the corresponding pragmatic sequences
obtained by applying the joint Reification Mapping
element-wise. Define the sequential partial entropy as
in Section I11.B:

m
s k-1
Hy,(W Wi, ) 2 ) Hy (W W)
k=1

n
+ Y H,(W W wh,
k=m+1

(111)

with analogous notation for mixed partial entropies in-
volving V and V.

Theorem 11 (Sequential Chain Rule for Down Prag-
matic Mutual Information): For a syntactic sequence
pair (W", V") and its pragmatic counterpart, the down
pragmatic mutual information satisfies the following
chain of inequalities:

LW VY <LWI WiV < -

p\r s Wns ¥
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LW WEVY < I(Wh V),
(112)

where

m
L, (W, W)

m+1°

VY EH,W W)

+H, (V") — HW", V™).
(113)

Proof. The proof follows the same steps as the seman-
tic sequential chain rule (Theorem 8 in 24 23]) with the
semantic entropies replaced by pragmatic entropies. By
the hierarchy of sequential entropies (Theorem [} in Sec-
tion I1I-B ), we have

A, (W Wn ) < H,(W™ " Wi) < < HW?).
(114)

Substituting these into the definition of /,, for the mixed

blocks yields the desired chain. O
Similarly, for the up pragmatic mutual information

we have:

Theorem 12 (Sequential Chain Rule for Up Pragmatic

Mutual Information):
LW V) <IP(W, WV < -

SPWIL WY < Wiy,

where

PWrLwE LV 2 HW?) + H(V?)

+1° =

-H, (W, wr Vv, (116)

with I:Ip denoting the corresponding mixed sequential
entropy.
Proof. Analogous to the semantic case, using the fact
that replacing a syntactic variable by its pragmatic coun-
terpart increases the up mutual information due to the
decrease in the joint entropy term. O
For the single-sided measures, we can also de-
rive sequential chain rules. For example, the percep-
tual pragmatic mutual information 7, (W", V™) can be
bounded by sequentially replacing W’s with W’s:

Theorem 13 (Sequential Chain Rule for Perceptual
Pragmatic Mutual Information):

n, n-1 .
LWV < LWL Wi v < e

LW, Wi V) < LW v,
(117)

where the mixed quantities are defined analogously us-
ing the corresponding conditional entropies.
Similarly, for the expressive pragmatic mutual in-

formation 7, (W"; V"), we have
N Cyn—1
L,WH V) <L, (WHVE V) < e
SIP(W";ZI,VS’) < I(WH v, (118)

The up versions (PPPMI and PEPMI) satisfy the
reverse chain inequalities, starting from the classical
mutual information and increasing towards the upper
bounds.

Theorem 14 (Sequential Chain Rule for Prospective

Perceptual Pragmatic Mutual Information):
I(WHve) <IP(W, WV < -

SIPWL W vy < Wi ve).
(119)

Analogous chains hold for PEPMI by replacing
V’s with V’s in the mixed blocks.

Finally, the hierarchy of sequential mutual infor-
mations extends to all seven measures, with the same
partial order as in the single-letter case, for any fixed n.
Example 3 (Multi-Vehicle Scenario): We now revisit
the multi-vehicle autonomous driving scenario from
Section III-B to compute the classical, semantic, and
pragmatic mutual informations, and also the four single-
sided measures. Recall the joint syntactic distribution
P(W, V) given in Table [II. The syntactic states are traf-
fic light colors, with four possible values: green, yel-
low, red-short, red-long. The semantic mapping groups
green and yellow into “Proceed”, red-short into “Stop-
short”, and red-long into “Stop-long”. The pragmatic
mapping further merges the two stop classes into a sin-
gle “Stop” action, as the utility function treats them
identically. The joint Reification Mapping gy thus
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maps the 4 x 4 syntactic pairs to a 2 x 2 pragmatic parti-
tion: “Go” (green/yellow combined) and “Stop” (both
red types combined).

The syntactic joint distribution is given in Table
and the corresponding semantic and pragmatic joint dis-
tributions are given in Tables [V] and M, respectively.

From earlier computations in Example P, we can
calculate the mixed entropies H(W,V) = H(W,V) =
2.7328 bits. Further, we need H(W) and H(V) which
are both 0.9928 (since marginal pragmatic entropies
equal). Now compute the single-sided measures:

1. PPML: 1,(W; V) = H,(W)+H(V)-H(W,V) =
0.9928 + 1.9893 — 2.7328 = 0.2493 bits. 2. PPPMI:
P(W;V) = HW) + HV) — HW,V) = 1.9893 +
1.9893 — 2.7328 = 1.2458 bits. 3. EPML: I,(W;V) =
HW) + H,(V) — HW.,V) = 19893 + 0.9928 -
2.7328 = 0.2493 bits (same as PPMI due to symmetry
in this example, but in general they differ). 4. PEPMI:
P(W;V)y = HW) + H(V) - HW,V) = 1.9893 +
1.9893 — 2.7328 = 1.2458 bits (same as PPPMI).

The classical mutual information I(W;V) =
0.3472 bits. The down bilateral L,(W;V) =0 (posi-
tive part). The up bilateral 17 (W; V) = 2.2277 prabits.
The results are summarized in Table [VII.

TABLE VII: Comparison of all mutual information measures

for the two-vehicle scenario.

Mutual Information

Value (bits/sebits/prabits)

Down Pragmatic 1,,(W; V)
Down Semantic 7,(W; V)
Perceptual Pragmatic 1,,(W; V)
Expressive Pragmatic 1,,(W; V)

0 (positive part)
0 (positive part)
0.2493 prabits
0.2493 prabits

Classical I(W; V) 0.3472 bits
Prospective Perceptual 17 (W; V) 1.2458 bits
Prospective Expressive 17 (W; V) 1.2458 bits

Up Semantic IS (W; V) 1.2223 sebits
Up Pragmatic 17 (W; V) 2.2277 prabits

We observe that the single-sided measures lie be-
tween the down bilateral and the classical mutual infor-
mation (for the lower ones) or between the classical and
the up bilateral (for the upper ones), confirming the lat-
tice structure. The equality of PPMI and EPMI in this
symmetric example is coincidental; in general they dif-
fer.

This example demonstrates the utility of the single-

sided measures in quantifying the information loss or

gain when only one side of the communication is coars-
ened to the pragmatic level. They provide a finer-
grained analysis of task-oriented information flow com-

pared to the bilateral measures alone.

V. Pragmatic Channel Capacity and Prag-

matic Rate Distortion

We introduce the pragmatic channel capacity and
rate-distortion function as the fundamental limits of
pragmatic communication, paralleling their classical
and semantic counterparts. These quantities charac-
terize the maximum reliable transmission rate and the
minimum rate for a given task distortion, respectively,
and reveal performance gains from pragmatic abstrac-
tion. We further extend to single-sided perceptual and
expressive measures for asymmetric sensing-actuation
systems.

A. Pragmatic Channel Capacity

The pragmatic channel capacity quantifies the
maximum rate at which pragmatic information—the op-
timal terminal actions—can be reliably transmitted over
a given communication channel. It is defined as the
supremum of the up pragmatic mutual information be-
tween the input pragmatic variable and the output prag-
matic variable, maximized over the input distribution
and the joint reification mapping.

Consider a discrete memoryless channel with input
alphabet U, output alphabet ¥, and transition probabil-
ity P(Y|X). Let the associated semantic alphabets be X
and J, and the pragmatic alphabets be X and Y, induced
by the joint reification mapping gxy : X x ¥ — 249,
which partitions the joint syntactic space into pragmatic
equivalence classes.

Definition 14 (Pragmatic Channel Capacity): The
pragmatic channel capacity is defined as

C, £ maxmax I?(X;Y),

p px) 8xy (120)

where IP(X;Y) = H(X) + H(Y) — H,(X,Y) is the up
pragmatic mutual information, and the maximization is
over all input distributions p(x) and all joint reification
mappings gxy-

For reference, the semantic channel capac-

ity [24.23] and the classical (syntactic) channel capac-
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ity (- B3] are defined as:

C, 2 maxmax I*(X;Y),
px) fxy
(121)

C 2 max/(X;Y),
p(x)

where fxy denotes the joint synonymous mapping.
The following theorem establishes the hierarchy

among the three capacities.

Theorem 15 (Hierarchy of Channel Capacities): The

pragmatic, semantic, and syntactic channel capacities

satisfy:

C<C <C (122)

o
Proof. The inequality C < C, is a known result of se-

24,231 following from the

mantic information theory !
fact that I(X;Y) < I°(X;Y) for any joint synonymous
mapping.

To prove C; < C,, note that for any input distribu-
tion and any joint Synonymous Mapping fyy, we can
define a corresponding joint Reification Mapping gxy
that is coarser than fyy (i.e., it merges semantic classes
that lead to the same optimal action). For such g, we

have H,(X,Y) < Hy(X,Y), hence
P(X;Y)=H(X)+H(Y)-H,X,Y)

>H(X)+H(Y)-HX,Y)=I(X;Y).
(123)

Therefore, the maximum over gy, of I” is at least the

maximum over fyy of I°, yielding C,, > Ci. O
Beyond the inequality, we can quantify the capac-

ity gains explicitly.

Theorem 16 (Additive Decomposition of Pragmatic

Capacity): The pragmatic channel capacity can be de-

composed as

_ c
C, = C+AS,, (124)
where
AS 2 AS +AS >0, (125)
with
AS £ maxmax [H(X,Y) - H(X,Y)] >0,
p(x) fxy
(126)

C A Y V) — >
A§ %;)(glfyx[HS(X,Y) H,(X,Y)] >0.

Equivalently, the pragmatic capacity can also be ex-

pressed relative to the semantic capacity as

— C
C, = C, + AS. (127)

Proof. From the additive relation of the up mutual in-
formation:

P =I5 + AY, (128)

with AP = H(X,Y) - H,(X,Y). Similarly, I* = I +
AYP where AYY = H(X,Y) — H(X,Y). Combining
these and taking the maximum over p(x), fxy, and gyy
yields the decomposition. O
Remark 5: The classical capacity C is the fundamen-
tal physical limit determined by the channel transition
probability P(Y|X), representing the maximum rate at
which syntactic symbols can be reliably transmitted.
The additional semantic gain A¢ and pragmatic gain
Ag are not violations of this physical limit; rather, they
reflect the fact that semantic and pragmatic commu-
nication systems relax the requirement of exact sym-
bol reconstruction. By allowing errors that do not af-
fect meaning (semantic) or that do not affect the opti-
mal terminal action (pragmatic), the system can effec-
tively transmit more “useful” information per physical
bit. The total pragmatic capacity C,, = C + Ags thus
represents the capacity measured in pragmatic bits—the
maximum rate of reliably conveying terminal actions—
which can exceed the syntactic bit rate C because each
pragmatic bit may correspond to multiple syntactic bits
that are semantically or pragmatically equivalent.

B. Pragmatic Rate Distortion

The pragmatic rate-distortion function character-
izes the minimum rate required to describe a source
such that the resulting distortion, measured in terms
of task utility loss, does not exceed a given threshold.
Unlike classical rate distortion, which uses a syntactic
distortion measure (e.g., mean squared error), the prag-
matic distortion is defined directly on the terminal ac-
tions.

LetX ~ p(x) be a syntactic source, and letX and X
be the associated semantic and pragmatic variables in-
duced by the Synonymous and Isoteleia mappings. The
decoder produces a reconstruction X with associated se-
mantic X and pragmatic X, where the reconstructions
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are obtained via a test channel p(X|x). The pragmatic
distortion measure d, (x, X) quantifies the cost of repre-
senting the pragmatic symbol x by X; in practice, it can
be defined as the utility loss:

d

,(x,%) = max B[U (X, a)lx] - max E[U/(X, a)i2],

(129)

or any other non-negative function that reflects the de-
cision degradation.

Definition 15 (Pragmatic Rate Distortion): The prag-
matic rate-distortion function is defined as

R,(D) £ min min L,(X:X), (130

8x-8% p(2lx):Eld, (X.X)]<D

where 1,(X;X) = H,(X) + H,(X) - H(X,X) is the
down pragmatic mutual information (I,(X; X) = (I,)*
is non-negative), and the minimization is over all joint
reification mappings gx and gy for the source and re-
construction, and over all test channels satisfying the
distortion constraint.

The semantic rate-distortion function R (D) [24- 23]
and the classical rate-distortion function R(D) L #3] are
defined analogously:

R,(D) & min min L(X: %),

Tx % p(ain)Eld, (X.X)]<D
(131)

<

R(D) £ min _ I(X;
p(Elx):E[d(X,X)]<D

)’

where d, is a semantic distortion measure (e.g., based on
meaning), and d is a syntactic distortion measure (e.g.,
squared error). The following hierarchy holds.
Theorem 17 (Hierarchy of Rate-Distortion Functions):
Forany D > 0,

R

»(D) < Ry(D) < R(D).

(132)

Proof. The inequality R, (D) < R(D) is a known result
of semantic information theory 24231 following from
the fact thatls(}?;):() <I(X;X).

To prove R, (D) < R, (D), note that for any Syn-
onymous Mappings fx, fy and any test channel, we can
define coarser Reification Mappings gy, g that merge
semantic classes with identical optimal actions. For
such coarser mappings, we have

L,(X;X) = I(X; X) — Adovn, (133)

where Adown = [H (X) - H,(X)]+[H,(X) - H,(X)] >
0. Therefore, the minimum over gx, g¢ of 1, is no
larger than the minimum over fy, f3 of I, provided the
distortion constraints are compatible (which holds by
defining d,, appropriately from d). Hence R, (D) <
R (D). O
The gains can also be expressed additively.
Theorem 18 (Additive Decomposition of Pragmatic
Rate Distortion): The pragmatic rate distortion func-

tion can be written as

R,(D) = R(D) - AR (D), (134)
where
AR (D) £ AR(D) + AR(D) > 0, (135)
with
AR(D) & gg,;{[H(X) - H,(X)]
+ [H(X) - Hy(X)]} >0, 136

AS(D) £ max {[H,(X) - H,(X)]

8x-8x%

+ [H,(X) - H,(X)1} > 0.

Equivalently, the pragmatic rate distortion can be ex-

pressed relative to the semantic rate distortion as

R,(D) = Ry(D) — AR(D). (137)

Proof. From the additive relation 1, = I - Ag”w”,
where A;‘,"’W” is the pragmatic loss defined above, and
I, = I — A99"" combining these and taking the mini-
mum over the test channel and the mappings yields the
decomposition. 0
Remark 6: The classical rate-distortion function R(D)
represents the minimum syntactic bit rate required to
achieve a given syntactic distortion. The semantic loss
AR(D) and pragmatic loss AIIS (D) reflect the reductions
in rate achievable by allowing distortions at the seman-
tic and pragmatic levels, respectively. These reductions
reflect the fact that the distortion measure itself has
been redefined to capture task-relevant fidelity rather
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than symbol-level fidelity. By tolerating syntactic or
semantic errors that do not affect the terminal action,
the pragmatic rate-distortion function R, (D) can be sig-
nificantly lower than R(D), providing a principled the-
oretical foundation for task-oriented compression.
C. Single-Sided Pragmatic Achievable Rates and
Rate-Distortion Functions

The bilateral

distortion functions defined above assume that both

pragmatic capacity and rate-

the source and the reconstruction (or input and output)
are coarsened to the pragmatic level. However, in
many practical systems—such as perception, sensing,
or actuation—only one side of the communication link
is subject to pragmatic abstraction. To address such
asymmetric scenarios, we introduce four single-sided
measures: two rate-distortion functions (perceptual
and expressive) and two achievable rates (prospective
perceptual and prospective expressive). These mea-
sures provide a finer-grained analysis of task-oriented
information flows when either the observation or the
action label is coarsened.
C.1 Perceptual Pragmatic Rate-Distortion Function
The perceptual pragmatic rate-distortion function
captures the fundamental limit of compressing an ob-
servation V to extract information about the pragmatic
action W, where the source W itself remains syntactic.
It is defined using the down perceptual pragmatic mu-
tual information L,(W; V).
Definition 16 (Perceptual Pragmatic Rate-Distortion
Function): Let W be the pragmatic variable associated
with the source W, and let V be an observation. The
perceptual pragmatic rate-distortion function is de-
fined as

RY(D) £ min

) LWV,
P(W|V):E[d, W.W)I<D =

(138)
where W is an estimate of W based on V, and d,isa
distortion measure on pragmatic symbols.

This function quantifies the minimum rate (in bits
per observation) required to achieve a given perceptual
distortion D when the receiver is only interested in the
optimal action class. It is particularly relevant in per-
ception systems where the goal is to infer the correct
action from sensory data, and the raw sensory stream

can be compressed by exploiting the action equivalence
classes.
C.2  Expressive Pragmatic Rate-Distortion Function
The expressive pragmatic rate-distortion function
captures the fundamental limit of representing a syntac-
tic source W using a pragmatic label V (e.g., a control
command or action label) that is then used to reconstruct
the original source. It is defined using the down expres-
sive pragmatic mutual information /, (W5 V).
Definition 17 (Expressive Pragmatic Rate-Distortion
Function): Let W be a syntactic source, and let V be a
pragmatic variable (action label) that is a function of W.
The expressive pragmatic rate-distortion function is
defined as

R;P (D) £ min

) LWy,
P(W|V):E[d,(W,W)I<D

(139)
where W is a reconstruction of W based on V, and d,
is a distortion measure on the syntactic symbols (or on
the corresponding semantics).

This function quantifies the minimum rate (in bits
per action label) required to achieve a given recon-
struction distortion when the only information available
about the source is the pragmatic action label. It is
relevant in actuation or control systems where a low-
bandwidth command channel must convey enough in-
formation to reconstruct the intended state or message.
C.3  Prospective Perceptual Pragmatic Achievable

Rate

The prospective perceptual pragmatic achievable

rate is the dual of the perceptual rate-distortion func-
tion. It quantifies the maximum rate at which informa-
tion about the pragmatic action W can be reliably con-
veyed through an observation V, when the receiver has
access to the full syntactic observation but is restricted
to using only the pragmatic information. It is defined
using the up perceptual pragmatic mutual information
P(W;V).
Definition 18 (Prospective Perceptual Pragmatic
Achievable Rate): Let W be the pragmatic variable
and V the observation. The prospective perceptual
pragmatic achievable rate is defined as

CyP(p) £ max

wrw,v),
pw):E[c(W)I<P

(140)
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where c(W) is a cost function on the pragmatic source
(e.g., sensing power or bandwidth), and the maximiza-
tion is over all conditional distributions p(v|w) satisfy-
ing the resource constraint.

This achievable rate represents the maximum
amount of pragmatic information that can be extracted
from the observation when the observation itself is not
coarsened. It provides an upper bound on the rate
at which a sensor can convey actionable information,
given a resource budget. The superscript “p-perc” de-
notes “prospective perceptual”.

C.4 Prospective Expressive Pragmatic Achievable
Rate

The prospective expressive pragmatic achievable

rate is the dual of the expressive rate-distortion func-
tion. It quantifies the maximum rate at which a prag-
matic label V can convey information about the syntac-
tic source W, when the receiver has access to the full
syntactic source but is restricted to using only the prag-
matic label. It is defined using the up expressive prag-
matic mutual information 7 (W; V).
Definition 19 (Prospective Expressive Pragmatic
Achievable Rate): Let W be the syntactic source and
V the pragmatic label. The prospective expressive
pragmatic achievable rate is defined as

CyoP(p) £ max

P(W;V),
p(vw):E[c(W)]<P -

(141)

where c(W) is a cost function on the source (e.g., trans-
mit power), and the maximization is over all conditional
distributions p(vjw) satisfying the resource constraint.

This achievable rate represents the maximum rate
at which a command or action label can convey infor-
mation about the source, given a resource budget. It is
relevant in scenarios where a low-dimensional action
space is used to encode high-dimensional source infor-
mation, and the system designer wants to know the best
possible expressive performance under resource limits.
The superscript “p-expr” denotes “prospective expres-
sive”.

The four single-sided measures are related through
the data processing inequality and the mutual informa-
tion hierarchy, yielding the following bounds:

Ry™(D) > R, (D),

Ry (D) > R, (D),
(142)
CHP(P) < C,(P),

CyP(P) < C,(P).

These inequalities indicate that coarsening only one
side preserves more syntactic distinctions, thus requir-
ing higher rates for the same distortion and yielding
lower achievable rates for the same resource.

Such single-sided measures are particularly useful
in asymmetric systems, including:

* Perceptual (e.g., cameras, LIDAR): inferring ac-
tions from observations without coarsening the ob-
servation.

» Expressive (e.g., remote control, teleoperation):
conveying intent via low-dimensional action la-
bels.

» Edge Al: feature extraction at sensors (perceptual)
and reconstruction at the central processor (expres-
sive).

Together with their bilateral counterparts, these mea-
sures provide a complete pragmatic information theo-
retic framework for designing task-oriented communi-
cation systems with asymmetric constraints.

We conclude this section with a conceptual clari-
fication that is essential for interpreting the hierarchies
above.

Remark 7: Throughout this paper, the pragmatic rate
R,, and pragmatic capacity C), are syntax-layer rate mea-
sures (bits per channel use), while their reliability cri-
terion is defined at the pragmatic layer (action correct-
ness). Classical capacity C corresponds to the criterion
of message correctness; pragmatic capacity C,, corre-
sponds to the criterion of action correctness. Since the
latter is strictly weaker, C, > C and I? > H(X) are
admissible and do not contradict the data processing in-
equality. The same logic applies to the pragmatic rate-
distortion function R,(D): it measures the minimum
syntax-layer rate required to satisfy a pragmatic distor-
tion criterion, hence R, (D) < Ry (D) < R(D) is con-
sistent with the data processing inequality and does not
imply that pragmatic distortion is less informative than
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syntactic distortion. The hierarchy H, < H; < H is a
statement about source uncertainty, whereas C,, > C; >
C and R, (D) < R(D) < R(D) are statements about
syntax-layer rates under progressively relaxed criteria.

VI. Pragmatic Cost of Information and Prag-

matic Value of Information

In this section, we introduce the pragmatic value
of information (Vol) and the pragmatic cost of informa-
tion (Col) as the benefit and resource-cost duals to the
rate-distortion and capacity functions, respectively. We
then combine these dualities into a Lagrangian frame-
work for cross-layer optimization of pragmatic commu-
nication systems.

A. Pragmatic Value of Information

The concept of the value of information was origi-
nally introduced by Stratonovich % &1 in the context of
statistical decision theory, where it measures the maxi-
mum expected utility gain that a decision-maker can ob-
tain by acquiring additional information before making
a decision. Classical Vol is defined as the difference
between the expected utility with the observation and
the expected utility without it, providing a quantitative
basis for evaluating whether information acquisition is
worthwhile.

The pragmatic value of information extends this
classical notion to the pragmatic level by considering
both the state and the observation through the lens of
the isoteleia mapping. Unlike the classical Vol, which
treats the raw state X and raw observation Y as the basis
for decision-making, the pragmatic Vol recognizes that
what ultimately matters is not the exact state or the exact
observation, but their pragmatic implications—the opti-
mal actions they induce. Both the state and the obser-
vation are therefore coarsened to their pragmatic equiv-
alence classes via the isoteleia mapping, reflecting the
principle of equifinality: distinct states or observations
that lead to the same optimal action are pragmatically
equivalent.

Let X € X be the state variable, A € A the action,
and U(X,A) the utility function. Let X and Y be the
pragmatic variables induced by the isoteleia mappings
ex : X = 2% and ey + 4 - 29, respectively (com-

posed with the synonymous mappings). The pragmatic
variable X groups states that lead to the same optimal ac-
tion, while Y groups observations that are pragmatically
equivalent. The receiver, upon observing the pragmatic
observation Y, chooses the action that maximizes the ex-
pected utility conditioned on Y, where the expectation
is taken over the pragmatic state X:

a*(Y) = argmea‘ng[U(X,a)]» (143)

where X is any representative state in the pragmatic
class X, and the expectation is well-defined because all
states in the same pragmatic class yield the same opti-
mal action.

The baseline utility, without any information, is
obtained by choosing the prior-optimal action based on
the pragmatic state distribution:

ay = argrrleziﬁEX[U(X,a)], Up = Ex[UX,ag)].
a - -

Definition 20 (Pragmatic Value of Information): The
pragmatic value of information is defined as the ex-
pected utility gain obtained when the receiver makes
decisions based on the pragmatic observation Y, where
both the state and the observation have been coarsened
to their pragmatic equivalence classes:

Vol, 2 Ex y[U(X,a*(¥))] - Uy, (145)

where the expectation is taken over the joint distribution
of the pragmatic state and pragmatic observation, and X
is any representative state in the pragmatic class X. This
measures the utility gain when both the state and the
observation are evaluated at the pragmatic level, that is,
when decisions are based on the optimal action classes
rather than on raw states or observations.

This bilateral coarse-graining is essential for a
proper pragmatic characterization of information value.
By coarsening both the state and the observation, the
pragmatic Vol captures the decision-relevant informa-
tion that survives after discarding all distinctions that do
not affect the optimal action. The classical Vol, which
operates on raw states and observations, is a special case
of the pragmatic Vol when the isoteleia mappings are
trivial (identity).
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The pragmatic Vol satisfies the following basic
properties.
Theorem 19 (Non-negativity): Vol, > 0, with equal-
ity if and only if the pragmatic observation Y provides
no useful information for improving the decision, i.e.,
a*(Y) = afy almost surely.
Proof. For any realization of Y, the optimal posterior
action yields an expected utility at least as high as the

prior-optimal action:

Taking expectation over Y and subtracting U, =
Ex[U (X, ag)] yields the result. O
Theorem 20 (Monotonicity under Refinement): If the
pragmatic partition of the observation is refined (i.e.,

Y, is a finer pragmatic partition than Y, ), then

Vo, (¥,) < Vol,,(¥,). (147)

This follows directly from the data processing inequal-
ity for utility-based decisions, as a finer pragmatic ob-
servation provides no less information about the prag-
matic state than a coarser one.

Theorem 21 (Concavity in Rate): When the pragmatic
observation is obtained through a channel with rate R,

the maximum achievable pragmatic value, defined as

Vol

$,(R) £ . - (148)

(VX (X:)<R
where /,,(X; Y) is the down pragmatic mutual informa-
tion between the pragmatic state and the pragmatic ob-
servation, is a non-decreasing concave function of R.

Lemma 4 (Constructive Concavity of the Upper Con-

cave Envelope): Let

R={(RV)IR>0, V<®,(R)

p(

be the achievable rate-value region of the pragmatic in-
formation system, where ¢, (R) is the original (possibly
non-concave) value function. Define its upper concave
envelope (i.e., the upper boundary of the convex hull)

as

@ (R) 2 sup{V | (R, V) € Conv(R)},

, (149)

where Conv(X) denotes the convex hull of Z. Then
EP(R) is a non-decreasing concave function on R > 0,

and it satisfies ®,,(R) > ®,(R) for all R. If  is already
convex, then equality holds.

Proof. Let (R;,V;) and (R,,V,) be any two points
in Conv(XR) lying on the upper boundary, i.e., V| =
5P(R1) and V, = 5P(R2). For any 2 € [0, 1], con-

sider the convex combination
(R, Vy3) = AR,V + (1= 2)(Ry, V)
= (Z'Rl + (1- l)Rz, /IVI + (1 - A)VZ)

By definition of the convex hull, (R, V) € Conv(R).
Hence, by the supremum property of 51, (R,), we have

@, (AR; + (1= 1)Ry) > A%, (R)) + (1 — 1)@, (Ry),

which is exactly the definition of concavity. Monotonic-
ity is obvious because a larger rate allows a larger set of
achievable values; and since the convex hull contains
the original set, EP (R) = ®,(R). If R is itself convex,
its convex hull coincides with R, so equality holds. [
Remark 8: The key distinction between the pragmatic
Vol and the classical Vol lies in the level of abstrac-
tion at which both the state and the observation are
evaluated. Classical Vol treats every distinction in the
state and observation as potentially valuable; pragmatic
Vol recognizes that only distinctions that affect the op-
timal action matter. By coarsening both the state and
the observation to their pragmatic equivalence classes,
the pragmatic Vol provides a more concise and task-
relevant measure of information value.

The pragmatic value of information is the natural
decision-theoretic dual to the pragmatic rate-distortion
function. Recall from Section V-B that the prag-
matic rate-distortion function is defined as R,(D) =

R min 1,(X; X ), where d, is a distortion
P(XIX):E[d,(X.X)]<D

measure defined on pragmatic symbols.

The duality manifests through the following varia-
tional relationship.
Theorem 22 (Variational Duality): For a given utility

function U, there exists a concave function ¥, such that

@,(R) = max (¥,(D) = 2R, (D)}, (150)

zZ

where 1 > 0 is a Lagrange multiplier. Conversely,
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R, (D) = max (AD ~ ®5(2))}, (151)

where @} is the concave conjugate of ¢,,. This estab-
lishes a Legendre - Fenchel duality between the value-
rate function é » (R) and the rate-distortion function
R,(D).

Example 4 (Autonomous Vehicle (Continued)): We re-
visit the two-vehicle autonomous driving scenario from
Sections II1.B and IV.B. The state X is the traffic light
state (four possible values), and the observation Y is the
corresponding signal. The pragmatic mapping merges
“Stop-short” and “Stop-long” into a single “Stop” ac-
tion. The utility is 10 for correct action, 0 otherwise.
The baseline utility (prior-optimal action “Stop”) is
Uy = 11 (combined for two vehicles). The computed
pragmatic Vol is Vol, ~ 0.5utils. This low value
reflects the fact that the binary pragmatic observation
(Go/Stop) resolves little decision uncertainty. In con-
trast, the classical Vol (using full syntactic signal) is
about 4.2 utils.

The duality with rate-distortion can be illustrated
by noting that to achieve a pragmatic distortion D (e.g.,
probability of wrong action), the required rate R, (D)
must be at least the rate that enables the corresponding
Vol. For instance, if we require Vol, > 4.0, the rate
must exceed the value R, (D*) where D* is the distor-
tion corresponding to that utility level.

B. Pragmatic Cost of Information

While the value of information quantifies the ben-
efit, the pragmatic cost of information quantifies the re-
source expenditure required to convey information at a
given pragmatic rate. Unlike VoI, which depends on the
utility function and the task, Col is determined solely by
the physical communication channel and the pragmatic
abstraction (the isoteleic volume).

Consider a communication channel with input X,
output ¥, and a joint reification mapping gyy : X' x4 -
2%>Y that defines the pragmatic equivalence classes.
Let the resource consumption be measured by a cost
function c(x) on the channel input (e.g., transmit power
E[|X|2], or for discrete channels, the number of channel
uses or energy per symbol).

Lemma 5 (Concavity of the Pragmatic Capacity - Re-

source Function): Let P > 0 denote the available com-
munication resource (e.g., power) and define the prag-

matic capacity under resource constraint P as

C,(P)2 max IP(X;Y), (152

p):E[c(X)]<P

where ¢(X) is a non-negative cost function and I” (X; Y)
is the up-pragmatic mutual information. Then C,,(P) is
a non-decreasing concave function of P.
Proof. For fixed channel and pragmatic mapping, the
mutual information /7 (X;Y) is a concave function of
the input distribution p(x) (this follows from the joint
convexity of the KL divergence and the fact that the
pragmatic aggregation is a linear operation on probabil-
ities). The resource constraint E[c(X)] < P defines a
convex set of input distributions.

Let P;,P, > Oand 1 € [0,1]. Choose distribu-
tions p, and p, that attain the maxima for P; and P,,
respectively, i.e.,

C,(P) =1P(p;) (i=12), E, [¢c(X)] <P,

Consider the mixture distributionp; = Ap;+(1-21)p,.
Its average cost is

E,, [c(X)] = 2E, [c(X)] + (1 - )E,_[c(X)]
S AP+ (1= 2)P,,

so p, is feasible for the resource level AP + (1—-1)P,.
By concavity of I” in the distribution,

IP(p;) 2 AP (py) + (1 = )17 (ps)

= 2C,(P)) + (1 = 2)C, (Py).

Since C,(AP; + (1 = 1)P,) is the maximum over all
feasible distributions, we have

C,(AP; + (1= 1)Py) > IP(p;)
> 2C,(Py) + (1 = 2)C, (P,).

Thus C, is concave. Monotonicity follows immediately
from the fact that a larger resource set contains smaller
ones. O

The pragmatic cost of information is defined as the
inverse of this capacity-resource relationship.
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Definition 21 (Pragmatic Cost of Information): For a
given pragmatic rate R, the pragmatic cost of informa-
tion is the minimum resource consumption required to

achieve that rate:

CoIp(R)ép min El[c(X)]. (153)

(x):07 (X:Y)>R
This definition is completely general: the resource
¢(X) can be power, bandwidth, time, number of channel
uses, or any other cost measure. It does not depend on
the utility function or the task; it is purely a property of
the physical channel and the pragmatic abstraction.
The pragmatic cost of information satisfies the fol-
lowing fundamental properties.
Theorem 23 (Non-negativity and Monotonicity):
Col,(R) > 0, with Col,,(0) = 0. Itis strictly increasing
inR for R > 0.
Lemma 6 (Convexity of the Inverse of an Increasing
Concave Function): Let f : R* - R™ be a strictly
increasing concave function. Then its inverse function
f~1is convex on the range of f.
Proof. LetR|,R, > 0be intherange of f, and let P =
f~YRy), P, =f 1 (R,). Forany 2 € [0, 1], define
Ry= R +(1=2)Ry, P, =P +(1—-1)P,.

By concavity of f,

f(P;) 2 Af (P1)+(1-2)f (Py) = AR +(1-1)Ry = R;.

Since f is strictly increasing, applying f ! to both sides

preserves the inequality:
Py >N (Ry).
Substituting the definition of P, yields

ATER) + (1= 2)f "N Ry 21 (AR + (1= 1)Ry),

which is exactly the definition of convexity. O
Theorem 24 (Convexity of the Pragmatic Cost of Infor-
mation): Let C,(P) be the pragmatic capacity as a func-
tion of the resource P. Assume that C,(P) is concave
and strictly increasing in P. Then the pragmatic cost of
information Col,(R) = C, 1(R) is a convex function of

R on the achievable rate region.

Proof. By Lemma [, the inverse of any strictly increas-
ing concave function is convex. Applying this result
with f = C,, immediately gives that Col,(R) = C,, Y(R)
is convex.

For completeness, we restate the argument in de-
tail. Let Ry, R, be two rates and let P; = Col,,(R;) for

i=1,2. Forany A € [0, 1], set

RAZZ,RI‘F(]—/’{)Rz, PAZA,Pl‘f‘(l—l)Pz.

Because C, 1S concave,
C,(P;) 2 2C,(Py) + (1= 2)C,(P,)
=AR +(1-A1)Ry, =R;.

Since C,, is strictly increasing, its inverse is also strictly
increasing, so

P, > C,'(R;) = Col,(R)).
Therefore,
2Col, (R)+(1-2)Col,(R,) > Col, (AR +(1-2)R;),

which proves convexity. O
Remark 9: The convexity established above is weak
convexity. Strict convexity would require C,(P) to
be strictly concave (i.e., no linear segments) and the
strict increasing assumption to hold globally. In prac-
tice, when zero-cost capacity plateaus exist, Col,(R)
may have linear segments and hence is convex but not
strictly convex.

Theorem 25 (Duality with Pragmatic Channel Capac-
ity): The pragmatic cost of information and the prag-

matic channel capacity are strict inverses:

Col,(R) = C;'(R), C,(P) = Col,' (P).

> (154)

Thus, they form a perfect mathematical dual pair: one
gives the maximum rate for a given resource, the other
gives the minimum resource for a given rate.
C. Lagrangian Duality

Having established the two dual pairs, (rate-
distortion, value) and (capacity, cost), we now combine
them into a unified Lagrangian framework. This frame-
work allows cross-layer optimization where the rate R
serves as the common variable linking the source (deci-

sion) side and the channel (transmission) side.



* 46 ¢ Journal on Communications

47 %

C.1 Source-Distortion-Value Lagrangian (Down
Loop)

The down loop concerns the trade-off between the
distortion (or decision quality) and the rate required to
achieve it. The Lagrangian for this loop is formulated
by combining the rate-distortion function R,, (D) and the
value-rate function ¢, (R).

Definition 22 (Source-Distortion-Value Pragmatic La-
grangian): For a given distortion level D, the down-

loop Lagrangian is

Lspy(D; Ag) = ®,(R,(D)) = 14 R,(D),  (155)

where 1, > 0 is the Lagrange multiplier representing
the marginal cost of rate (in utility units per bit).
Maximizing Lgpy over D yields the optimal op-
erating point that balances the value obtained from re-
ducing distortion against the rate cost. The first-order

condition is:

e, ) de
i RLD) = A4Ry(D) =0 =

“p _
dR Aa>
(156)

since R;, (D) # 0. Thus, at optimality, the marginal
value of rate equals the marginal rate cost.
C.2 Channel-Power-Cost Lagrangian (Up Loop)

The up loop concerns the trade-off between the
rate and the physical resource cost. Using the pragmatic
capacity C,(P) and the cost function P(R) = Col, (R),
we define:

Definition 23 (Channel-Power-Cost Pragmatic La-
grangian): For a given resource budget P, the up-loop

Lagrangian is

Lepe(Pyy) 2 7 Cp(P) = P, (157)

where y > 0 is the Lagrange multiplier representing
the shadow price of the resource (in utility units per unit
resource).

Equivalently, in terms of rate R, using P =

Col,,(R), the up-loop Lagrangian becomes
Lepe(Ry7) = yR = Col,(R). (158)

Maximizing over P (or R) gives the first-order condi-
tion:

= y= _1 = Col,(R). (159)

7P =1 C,(P)

Thus, at optimality, the shadow price of the resource
equals the marginal cost of increasing the rate.
C.3  Global Cross-Layer Lagrangian and Behavioral
Capacity

The two loops are coupled through the common
rate R: the down loop requires a certain rate to achieve
a given utility, while the up loop supplies that rate at a
certain resource cost. The global optimization problem
is to maximize the net benefit (value minus cost) over
the rate. To unify the two layers, we introduce a global
Lagrangian that incorporates a shadow price A4 (in util-
ity units per unit resource) to convert physical resource
cost into utility-equivalent cost:

Lglobal (R; 1) = @, (R) = A Col,,(R), (160)

where A > 0 is the Lagrange multiplier representing the
shadow price of the physical resource (e.g., power). It
serves as the conversion factor between resource con-
sumption and utility.

Theorem 26 (Concavity of the Global Pragmatic La-
grangian): Assume that the pragmatic value function
$,(R) is concave and the pragmatic cost function
Col,(R) is convex on R > 0. Then, for every fixed
Lagrange multiplier 4 > 0, the global pragmatic La-

grangian
Lgtobal (R 1) 2 @, (R) — 1 Col,(R)

is a concave function of R.
Proof. LetR|,R, > Oandlet 8 € [0, 1]. Define R, =
OR| + (1 — 0)R,.

By concavity of ¢,

®,(Rg) 2 09,(R)) + (1 - 0)®,(R;). (161)
By convexity of Col,,,
Col,(Ry) < 0Col,(R;) + (1 = 0)Col,(R,). (162)

Multiplying (162) by —A (which is non-positive) re-
verses the inequality:

~2Col,(Ry) > —20Col,(R;) — Z(1 — 6)Col,(Ry).
(163)
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Adding ([161)) and ([163) yields
”Cglobal(RB; 1) = <I>p (Rg) — /ICOI‘D (Rg)

> 6[®,(R,) — 2Col,(R)]

+(1-6)[®,(Ry) — 2Col,(R,)]

= 0'£global(R1; A)+ (1= g)zglobal(RZ; A).

(164)

Inequality ([L64) is precisely the definition of concavity.
O

Corollary 5: Under the assumptions of Theorem R4, if

Lglobal 18 differentiable, then the first-order condition

@/ (R*) = A Col,(R*)

; (165)

is sufficient for R* to be a global maximizer of
Lglobal (3 4)-
Proof. For a differentiable concave function, any point
at which the derivative vanishes is a global maximum.
Hence ([L69) yields the global optimum. O
This condition states that the marginal value of
increasing the rate (in utility per bit) must equal the
marginal cost of increasing the rate (in utility per
bit), where the marginal cost is the product of the re-
source shadow price and the marginal resource con-
sumption per bit. When the physical cost Col,(R)
is already expressed in utility units (i.e., the shadow
price is normalized to unity), we recover the simplified
form Lyjobai(R) = @,(R) — Col,(R) and ®,(R*) =
COII/, (R*). In general, however, the explicit 1 is re-
quired to maintain dimensional consistency.
Theorem 27 (Inner Duality of the Two Lagrangians):
Let 1, be the multiplier from the down-loop (marginal
cost of rate) and y be the multiplier from the up-loop
(shadow price of resource). At the global optimum de-
fined by ([169), the following relationships hold:

vy =2 Ag=ACoL (R*)=®,(R"). (166)

Thus, the global multiplier A coincides with the up-
loop shadow price y, while the down-loop marginal
rate cost 1, equals the marginal value of rate, which
is also ACOI;, (R*). This establishes a consistent duality
between the decision-theoretic and physical-layer per-
spectives.

Proof. From the down-loop optimality condition,
®,(R*) = 4,4. From the up-loop condition, y =
COI;, (R*). The global condition ([L63) gives <I>;, (R*) =
lCoII,)(R*). Combining, we get 1; = Ay, and since
y = Col;7 (R*), it follows that 1, = Ay. To satisfy
the global condition, we must have 1 = y (otherwise
the marginal value equation would not hold for all R).
Hence, A = y and 14 = ACol,(R*) = ®/,(R*). O
Definition 24 (Pragmatic Efficiency Bound (Behav-
ioral Capacity)): For a given resource shadow price
A 2 0, the pragmatic efficiency functional £, (1) is de-
fined as the supreme net benefit achievable by the sys-

tem:

Ep(A) 2 sup [@,(R) — A - Col,(R)]. (167)
R>0

This quantity represents the maximum net utility that
an intelligent agent can extract from its environment
per unit of time, after accounting for the physical cost
of sensing, communication, and computation. It con-
stitutes the behavioral capacity of the system under re-
source pricing A, and serves as the master performance
metric for any resource-constrained goal-directed sys-
tem.

Remark 10: When the pragmatic rate R is continu-
ous and the function ¢,(R) — ACol,(R) is strictly
concave (which holds under the assumptions of Theo-
rem R6), the supremum in ([L67) is attained at a unique
point R* satisfying the marginal condition &, (R*) =
ACOI;,(R*). Consequently, in all operational contexts,

we may write

é‘p(l) = Rg())( ’Cg]obal (R; 4),

where the maximum is understood in the sense of the
unique global maximizer. In the absence of resource

constraints (1 = 0), &p(0) reduces to sup $,(R), ie.,
R

the system’s performance under unlimited resources.
The Lagrangian dual framework provides a prin-
cipled method for resource allocation in pragmatic sys-
tems:
1) Decision-driven design: Given a target utility
level, the down-loop Lagrangian determines the mini-
mum rate required. The corresponding distortion D and
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rate R are obtained by solving max Lspy-

2) Resource-limited design: Given a resource
budget P, the up-loop Lagrangian determines the maxi-
mum achievable rate. The optimal rate is found by max-
imizing Lcpc-

3) Global optimum: When both utility and cost
are considered, for a given shadow price A (or equiva-
lently, a resource budget constraint), the rate R* from
([163) yields the maximal net benefit. This rate can
be implemented by choosing the appropriate distortion
level (via source coding) and resource allocation (via
channel coding) such that R,(D*) = C,(P*) = R*.

The framework also enables adaptive operation:
as the channel quality or task requirements change, the
system can re-optimize the Lagrangian to adjust the op-
erating point.

In summary, the Lagrangian duality between
the source-distortion-value and channel-power-cost La-
grangians provides a complete mathematical character-
ization of the fundamental trade-offs in pragmatic com-
munication systems, unifying Shannon’s physical-layer
limits with the decision-theoretic value of information,
while maintaining dimensional consistency through the
explicit shadow price A.

D. Single-Sided Pragmatic Cost of Information and
Pragmatic Value of Information

The single-sided pragmatic rate-distortion func-
tions and achievable rates defined in Section V-C have
natural dual counterparts in terms of information value
and cost. These single-sided VoI and Col measures cap-
ture the utility gains and resource expenditures when
only one side of the communication link is subject to
pragmatic abstraction. They provide a finer-grained
analysis for asymmetric systems, such as sensing-to-
action (perceptual) and command-to-execution (expres-
sive) scenarios.

D.1 Perceptual Pragmatic Value of Information

The perceptual pragmatic value of information
quantifies the maximum expected utility gain obtain-
able from an observation V when the decision is based
on the pragmatic action W. It is the dual of the percep-
tual pragmatic rate-distortion function Rb™ (D), and is

defined using the down perceptual pragmatic mutual in-

formation 1,(W; V).
Definition 25 (Perceptual Pragmatic Value of Informa-
tion): For a given rate constraint R, the perceptual prag-

matic value of information is defined as

perc A
VoL, (R) = » max Vol

, 168
(VIW):L,(W:V)<R P (163)

where Vol, is the pragmatic value defined in Eq. (149),
and the maximization is over all conditional distribu-
tions P(V|W) satisfying the rate constraint.

This quantity represents the maximum utility gain
achievable when the observation is constrained to carry
at most R bits of information about the pragmatic action.
It is non-decreasing and concave in R, and satisfies the
variational duality:

Vo™ (R) = max {(¥P(D) — ARY™(D)},  (169)

where WD is a concave function determined by the
utility, and A > 0O is the Lagrange multiplier.
D.2  Expressive Pragmatic Value of Information

The expressive pragmatic value of information
quantifies the maximum expected utility gain obtain-
able from a pragmatic label V when reconstructing the
syntactic source W. It is the dual of the expressive prag-
matic rate-distortion function R,,™ (D), and is defined
using the down expressive pragmatic mutual informa-
tion L,(W; V).
Definition 26 (Expressive Pragmatic Value of Informa-
tion): For a given rate constraint R, the expressive prag-

matic value of information is defined as

Vo7 (R) £ (170)

max Vol,,,
P(YIW):L,(W;Y)<R

where the maximization is over all conditional distribu-
tions P(V|W) satisfying the rate constraint, and Vol, is
evaluated with respect to the reconstructed source.
This quantity measures the utility gain achieved
by using the pragmatic label as a compressed represen-
tation of the source, subject to a rate limit. It is also
non-decreasing and concave in R, and satisfies the dual
variational relationship with R, (D).
D.3  Prospective Perceptual Pragmatic Cost of Infor-
mation
The prospective perceptual pragmatic cost of infor-
mation quantifies the minimum resource expenditure re-
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quired to achieve a given level of perceptual pragmatic
information rate. It is the dual of the prospective percep-
tual pragmatic achievable rate Cj, **"“(P), and is defined
using the up perceptual pragmatic mutual information
P(W;V).

Definition 27 (Prospective Perceptual Pragmatic Cost
of Information): For a given pragmatic rate R, the
prospective perceptual pragmatic cost of information is
defined as

ColpP*(R) £ (171)

£ min E[c(W)],
P(VIW):IP (W:V)>R -

where c(W) is the cost function on the pragmatic source
(e.g., sensing power), and the minimization is over
all conditional distributions P(V|W) satisfying the rate
constraint.

This quantity represents the minimum resource
cost required to extract at least R bits of pragmatic infor-
mation from the observation. It is non-decreasing and
convex in R, and is the strict inverse of the prospective
perceptual achievable rate:

COIE_perC(R) — (Clg-perc)—l(R)‘

(172)
D.4  Prospective Expressive Pragmatic Cost of Infor-
mation

The prospective expressive pragmatic cost of infor-
mation quantifies the minimum resource expenditure re-
quired to achieve a given level of expressive pragmatic
information rate. It is the dual of the prospective ex-
pressive pragmatic achievable rate C5“"'(P), and is
defined using the up expressive pragmatic mutual infor-
mation I”(W; V).
Definition 28 (Prospective Expressive Pragmatic Cost
of Information): For a given pragmatic rate R, the
prospective expressive pragmatic cost of information is
defined as

Coly ™ (R) £

£ min Elc(W)],
P(VIW):IP(W;V)>2R

173)
where c¢(W) is the cost function on the source (e.g.,
transmit power), and the minimization is over all con-
ditional distributions P(V|W) satisfying the rate con-
straint.

This quantity represents the minimum resource
cost required to convey at least R bits of source informa-
tion through the pragmatic label. It is non-decreasing
and convex in R, and is the strict inverse of the prospec-
tive expressive achievable rate:

1

Coll ™' (R) = (C5™™) ™ (R). (174)

D.5 Relationships and Duality Structure

The four single-sided Vol and Col measures form
a complete duality framework that parallels the bilateral
case, with the following key relationships:

1) Rate-Distortion < Value Duality: For both
perceptual and expressive paths, the value function is
the Legendre—Fenchel dual of the corresponding rate-
distortion function:

VoI,™(R) = max (W™ (D) - AR;™(D)},

>

(175)

VoIl,;"(R) = max (¥, (D) — AR, (D)}.

2) Capacity < Cost Duality: For both prospec-
tive perceptual and expressive paths, the cost function
is the inverse of the corresponding achievable rate:

ColP™(R) = (C5™™) ™' (R),
| (176)

CoI, “™(R) = (CF™") " (R).
3) Comparison with Bilateral Counterparts:
Single-sided measures are bounded by their bilateral

counterparts:

perc expr
Vo™ (R) < Vol (R), VoI (R) < Vol,(R),

Coly ™™ (R) > Col,(R), Coly™™(R) > Col, (R),

(177)

where Vol (R) and Col,,(R) are the bilateral functions
defined in Sections VI.A and VI.B.

Table consolidates all bilateral and single-
sided pragmatic information measures, their defining
mutual informations, and their applicability in symmet-
ric versus asymmetric systems. The perceptual path
(sensing) coarsens only the source side, whereas the ex-
pressive path (actuation) coarsens only the reconstruc-
tion side. The prospective variants use the up mutual
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TABLE VIII: Summary of bilateral and single-sided pragmatic information measures.

Measure Abbrev. Definition / Expression Scenario
Bilateral Vol Vol, (R) max Vol Symmetric, both ends coarsened
PYIX)iT,<R
Bilateral Col CoI,, (R) min  E[c(X)] Symmetric, both ends coarsened
px):IP>R
Perceptual VoI VoIl (R) max Vol, Sensing: observation to action
PVIW):L, (W;V)<R
Expressive Vol VoI, ™ (R) max Vol, Actuation: command to reconstruction
PVIW):L, (W:V)<R
Prospective Perceptual Col  Col) ™™ (R) min Elc(W)] Sensing with full syntactic observation
P(VIW):I?(W;V)2R

Prospective Expressive Col CoIf;exPr(R) E[c(W)]

min
P(VIW):I?(W;V)>R

Actuation with full syntactic source

information and thus provide upper bounds on achiev-
able rates.

Figure [ illustrates the duality structure of prag-
matic information measures, encompassing both bi-
At the core lie
the two fundamental dual pairs: R,(D) < Vol,(R)
and C,(P) < Col,(R).
asymmetric scenarios, Rp™(D) < VoI)™(R) and
R;P (D) & VoI;Xpr (R) capture the rate—value trade-off
when only one side is coarsened. On the capacity—cost
side, CpP(P) < Col) ™™(R) and C; ™"(P) &

ColgfeXpr(R) complete the duality lattice, which collec-

lateral and single-sided quantities.

Extending this duality to

tively characterizes trade-offs between rate, distortion,
capacity, cost, and value in both symmetric and asym-
metric pragmatic communication systems.

Duality
C,(P)

o (P)=max " (W, V)|Coe™ (P) = max 1" (W3 V)

Col (R)

Duality Duglity
Col™(R) Col7™™(R)
VoI‘;erc (R) VOI;x "(R)

Duality Dudlity

R (D)=minl,(W;V) | R®(D)=minI,(W;V)

VOIP (R) Duality R/) ( D)

Fig. 9: Duality of pragmatic information measures.

The single-sided Vol and Col measures provide a
precise toolkit for analyzing asymmetric pragmatic sys-
tems:

* Perceptual systems (sensing): Vol)™* measures
the utility gain of a sensor under a rate constraint,
while CoIf,'perc quantifies the sensing power re-
quired to achieve a certain perceptual information

rate.
* Expressive systems (actuation): Vo™ mea-
sures the utility gain of a command channel under a

10" quantifies the trans-

rate constraint, while Co

mit power required to convey a certain expressive

information rate.

» Joint optimization: The single-sided measures
can be combined with the bilateral Lagrangian
framework to design systems where sensing and
actuation have different resource constraints and
utility contributions.

Together with the bilateral value and cost func-
tions, these single-sided counterparts complete the prag-
matic information-theoretic spectrum, enabling a com-
prehensive analysis of task-oriented communication

systems with asymmetric constraints.

VII. Pragmatic Lossless Source Coding

In this section, we investigate the problem of prag-
matic lossless source coding. We extend the asymptotic
equipartition property (AEP) to the pragmatic domain
and introduce the pragmatic typical set, the isoteleia
typical set, and the reified typical set. These concepts
serve as the mathematical foundation for proving the
pragmatic lossless source coding theorem.

A. Asymptotic Equipartition Property and Prag-
matic Typical Set

Specifically, we establish the syntactic, semantic,
and pragmatic AEP theorems. Based on these results,
we define the pragmatic typical set, the isoteleia typical
set, and the reified typical set, and analyze their cardi-
nality and probability properties. The hierarchical struc-
ture of these typical sets reveals that pragmatic abstrac-
tion, by merging semantic distinctions that do not affect

the optimal terminal action, further reduces the number
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of typical sequences compared to semantic abstraction,
thereby enabling more efficient lossless compression at
the pragmatic level.

To establish the asymptotic equipartition property
at the pragmatic level, we first introduce the sequential
extensions of the fundamental mappings that bridge the
syntactic, semantic, and pragmatic layers.

Let W be the syntactic alphabet with probability
mass function P(W), and let W be the semantic alpha-
bet induced by the synonymous mapping f : W -
2W. Let W be the pragmatic alphabet induced by the
isoteleia mapping e : W — W according to a given
utility function U : W x A — R. The reification map-
ping g = foe: W — 2" directly bridges the pragmatic
and syntactic layers.

Definition 29 (Sequential Synonymous Mapping): Let
f W - 2" be the synonymous mapping. Its n-th
sequential extension f” : W" — 2W" is defined by

frown)

ﬁf(ﬂ’k)
k=1

W e W :w, ef(wy), k=1,...,n},
(178)

where W' = (Wy,...,Ww,).
Definition 30 (Sequential Isoteleia Mapping): Let e :
W — 2" be the isoteleia mapping. Its n-th sequential

extension ¢” : W" — 2W" is defined by

ﬁe(mk)

=1

>

e (mn)

1]
—_—

Wt e Wwn Wi € e(wy), k= l,...,n},
(179)

where w" = (w,...,w, ).

Definition 31 (Sequential Reification Mapping): Let
g =foe: W - 2W be the reification mapping. Its
n-th sequential extension g” : W" — 2W" is defined
as the composition of the sequential isoteleia and syn-

onymous mappings:

gn(v_vn) A O{‘n Oen)(mn) — U

wheen (mn

(180)

frevmy =TT gwp).
) k=1

Equivalently,

ghtw") = {w” e W' :wy € gw,), k = 1,...,n}.
(181)

A.1  Three-Tier AEP Theorems
We now state the AEP at each of the three layers.
The syntactic AEP is the classical result [-#3], The se-

mantic AEP was established in [24 251,

The pragmatic
AEP follows analogously.

Theorem 28 (Three-Tier AEP): Let (W;,W,,...) be
an i.i.d. syntactic sequence drawn according to P(W),
and let (W, W,,...) and (W, W,,

ated semantic and pragmatic sequences under the se-

..) be the associ-

quential Synonymous Mapping f” and the sequential
Reification Mapping g" = f" o ", respectively. Then

the following convergences hold in probability:

1
—log P(Wy,....W,) — H(W),

—%logP(Wl,...,VVn) — H (W), (182)

1
- logP(W,,....W ) — H,(W),

where

PW") = [ PWo, PG =[] PO,
k=1 k=1

and

Y Plwy).

Wi €g(Wy)

Pw") = [[Pwy). Plw,) =
k=1

The syntactic convergence is the classical result 1 #3];
the semantic and pragmatic convergences follow by ap-
plying the weak law of large numbers to the aggregated
probabilities over synonymous and reified equivalence
classes, respectively.

The following two AEP theorems characterize the
asymptotic relationship between adjacent layers; they
follow directly from the three AEP theorems above.

Theorem 29 (Isoteleia AEP):
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1 - " .
—— [log P(W") —log P(W")| — Hy(W) — H,(W)
(183)

in probability.
Theorem 30 (Reified AEP):

1 n
——[log P(W") ~ log P(W")| — H(W) ~ H,,(W)
(184)

in probability.
A.2  Definitions of the Hierarchical Typical Sets

We now define the typical sets at each layer and
the equivalence classes that partition them.
Definition 32 (Syntactic, Semantic, and Pragmatic Typ-
ical Sets): For ¢ > 0, the syntactically typical set A",
the semantically typical set A", and the pragmatic typ-

ical set A 2") are respectively defined as
1
= log P(w") — H(W)‘ < e},

: _% log P(w") —HS(VV)‘ < e},

: —%10gP(M’) —Hp(m‘ < e}.
(185)

Definition 33 (Synonymous Typical Set): For a given
semantic typical sequence w" € A", the synonymous
typical set S (") is defined as the set of syntactic
sequences that map to w” under f” and are syntactically

typical:
S () & {w” e W wh e fr ("),

‘—% log P(w'™) —H(W)‘ <€,

1 Pw™) -
‘—Elogm - (H(W) —HS(W))‘ < 6}.

(186)

The collection {Sﬁ")(ﬂ/”)}wn A forms a partition of
AW

Al = s&e,

WwneAl

(187)

with disjointness for distinct w".

Definition 34 (Isoteleia Typical Set): For a given prag-
matic typical sequence w" € A(en), the Isoteleia typical
set EMV (w") is defined as the set of semantic sequences
that map to w” under ¢” and are semantically typical:

Eén)(wn) A {wn eWwn e en(wh),

’—%logP(ﬂ/”) —HS(V“V)‘ <e,

1. PW")
——lo

p gm - (Hg(W) - H,(W))

<cf

(188)

The collection {Eé”)(m")}w,,e " forms a partition of

A
A(En) — U Eén)(mn)’

wreA

(189)

with disjointness for distinct w”.

Definition 35 (Reified Typical Set): For a given prag-
matic typical sequence w" € A(g"), the Reified typi-
cal set B(J‘) (w") is defined as the set of syntactic se-
quences that map to w” under the composite mapping
g" = f" o ¢" and are syntactically typical:

B (wn) & {w” e Wn:wh e g"(w"),

’—% log P(w™) —H(W)’ <e€,

1 P(w™)
_ZIOng‘) - (H(W) —HP(E)) < 6}.
(190)
The collection {B(g”)(y”)}w,,e A0 forms a partition of
A
AM = | BMwm, (191)
wreA”

with disjointness for distinct w”.

The hierarchical relationships among the prag-
matic, semantic, and syntactic typical sets, as well as
their corresponding equivalence classes, are illustrated
schematically in Fig. [[0. In this two-level hierarchi-
cal partition: the synonymous mapping first refines the
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Fig. 10: Hierarchical structure of syntactic, semantic, and pragmatic typical sets.

syntactic typical set into synonym classes; the isoteleia
mapping then groups these classes into coarser Reified
classes, each corresponding to a single pragmatic ac-
tion. This nested structure directly reflects the compo-
sition g" = f” o ¢’ and underpins the entropy reduction
H,(W) <H (W) <H

ical set is the union of synonymous typical sets over all

(W). Moreover, each reified typ-

semantic sequences in the corresponding isoteleia typi-
cal set:

A.3  Properties of the Typical Sets

The syntactic and semantic typical sets satisfy the
standard properties established in [I-#3] and [24.23]  re-
spectively. For completeness, we list them below with-
out proof.
Theorem 31 (Properties of the Syntactic Typical Set):
For sufficiently large n:

1) For any w" € A,

2-n(H(W)+e) P(w") < 2-n(H(W)-e¢) (192)

2) Pr{A} > 1—¢
3) (1 = ¢)2rHW)=6)
Theorem 32 (Properties of the Semantic Typical Set):

< |A(€H)| < n(H(W)+e)

For sufficiently large n:

1) For any w" € A",

2 nH (W)te) < p(pny < 27nH W)=e) (193

2) PriAy > 1 — .
3) (1 — ¢)2nHs(W)=0)
We now establish the properties of the pragmatic

< |A(€n)| < zn(HS(VNVHE)‘

typical set.
Theorem 33 (Properties of the Pragmatic Typical Set):
For sufficiently large n:

n)

1) For any w" € 4(6
(194)

2) Pr{A”} > 1 - e.
(H,(W)-€) (n) (H,(W)+e)

3) (1= 2" Hp =) ) () < gty (Wr+e)

The proof of Theorem B3 follows the standard
AEP counting argument. For the sake of readability,
the detailed summation steps are provided in Appendix
Al

Next, we state and prove the properties of the
isoteleia typical set.
Theorem 34 (Properties of the Isoteleia Typical Set):
For any w" € /_\(E"), for sufficiently large n:
1) For any w" € E™ (w"),

P(w”)

—n(H(
2 P(w”)

W)—Hp@)m
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211(Hx(W)—Hh(K)—€) < |E§") (ﬂn” < ZH(HS(W)—H,,(EHE).
(196)

The details of the proof are provided in Appendix

B.
The synonymous typical set properties are known

24,231 we restate them for reference.

from [
Theorem 35 (Properties of the Synonymous Typical
Set): For any w" € A", for sufficiently large n:

1) For any w" € S (w"),

~ n ~
- HW)~HW)+e) « PO o ninw)-m,09)-c)
P(")

(197)

2)
2n(H(W)—HS(VNV)—E) < |Sgn)(wn)| < 2n(H(W)—Hl\,(W)+E).

(198)

Finally, we prove the properties of the Reified typ-
ical set.
Theorem 36 (Properties of the Reified Typical Set):
For any w" € 4(6"), for sufficiently large n:

1) For any w" € B (w"),

y-n(HW)-H,(W)+e) o POW) - ot (w)-H,W)-e)
S P(mn) B .

(199)

2)

QnHW)=Hy(W)=€) pn) (yn)| < on(H(W)=H, (W)+e)

(200)

The details of the proof are provided in Appendix
a.
Corollary 6 (Hierarchy of Typical Set Sizes): The car-
dinalities of the typical sets satisfy

A" < 1AM < 1A, (201)

and the size of a Reified typical set is the product of the
sizes of the corresponding Isoteleia and Synonymous

typical sets:
IBE (w)] = EE ()] - ISE ()L (202)

forany w” € Eﬁ”) (w"), reflecting the composition g" =

froen.

Remark 11: The hierarchy |4(E")| < |JAM] reflects the
fact that the isoteleia mapping merges semantic distinc-
tions that do not affect the optimal action, thereby reduc-
ing the number of distinct pragmatic typical sequences.
Similarly, the synonymous mapping reduces the num-
ber of semantic typical sequences relative to syntactic
ones. The reified typical set B (w") directly collects
all syntactic sequences that realize a given pragmatic
purpose, and its size is approximately 2" (HW)-H, (W)
which is larger than a synonymous typical set by a
factor of 2" FsW)=Ho(W)) " Thig additional freedom is
the source of compression gains in pragmatic lossless
source coding.

B. Pragmatic Lossless Source Coding Theorem

We establish the fundamental limit of pragmatic
lossless source coding using a three-tier architecture
that refines symbols through meanings to actions, yet
only the pragmatic index is transmitted. The code maps
each pragmatic typical sequence to a unique codeword,
allowing arbitrary syntactic and semantic realizations.
Using random coding and typical set properties, we
prove that pragmatic entropy is the limit: rates above it
are achievable with vanishing error, while rates below
fail. We also relate this to the down pragmatic value of
information, showing that the full decision utility can
only be obtained when the rate reaches the pragmatic
entropy.

B.1  Three-Tier Pragmatic Source Code Model

We consider a discrete memoryless syntactic
source W with alphabet W and probability mass func-
tion P(W). Let W and W be the associated semantic and
pragmatic variables induced by the synonymous map-
ping f and the isoteleia mapping e, respectively, with
the reification mapping g = f o e. The source gener-
ates an i.i.d. sequence W”" = (Wq,..., W,)) according to
P(W") = ﬁ P(W,). The semantic sequence W" and

k=1
pragmatic sequence W" are obtained by applying the
sequential mappings f” and g" element-wise.

In the pragmatic lossless source coding scenario,
the encoder may operate in three stages corresponding
to the three layers of information, but in the order from
pragmatic to semantic to syntactic: it first identifies
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the pragmatic purpose (optimal action class) from the
source, then selects a semantic interpretation that jus-
tifies that action, and finally chooses a syntactic real-
ization that conveys that meaning. However, since the
reification mapping g" = f" o ¢" directly gives the prag-
matic class of any syntactic sequence, the encoder can
equivalently apply g" directly and then encode the re-
sulting pragmatic index. The decoder, upon receiving
the index, outputs an arbitrary syntactic sequence from
the corresponding reified typical set B (w"), thereby
recovering the pragmatic purpose without needing to re-
construct the exact syntactic or semantic details.

Definition 36 (Pragmatic Lossless Source Code): An

(M, n) pragmatic lossless source code consists of:

1) A pragmatic index set 7, = {1,2,...,M,},
where each index i,, € 7, corresponds to a distinct prag-
matic purpose (optimal action class). Additionally, a
reification index set J, = {1,2,...,M,}, where each
index i, € J, enumerates the distinct syntactic real-
izations within each reified typical set. The total num-
ber of syntactic sequences that can be represented is
M=M, M,.

2) An encoding function that operates in three
stages:

(a) Pragmatic-to-semantic mapping (isoteleia):
For a given pragmatic index i,, the encoder first
selects a semantic interpretation from the corre-
sponding isoteleia typical set E (ml.p), where
the index j enumerates the semantic sequences
within that set.

(b) Semantic-to-syntactic mapping (synonymous):
For the chosen semantic sequence W, the encoder
then chooses a syntactic realization from the syn-
onymous typical set SE”) (W), where the index k&
enumerates the syntactic sequences within that set.

(c) Reification index selection: The encoder finally
selects a reification index i, € J,, which corre-
sponds to a specific syntactic sequence w" from
the reified typical set B (yip). The reified typ-
ical set is the union of all synonymous typical
sets corresponding to semantic sequences in the
isoteleia typical set for that pragmatic index.

Equivalently, the encoding function ¢ : W" —» 7, x 7,

maps each syntactic sequence w” to a pair of indices
(ip,i,) such that w" € B(E")(mip) and i, identifies the
specific syntactic sequence within that reified typical
set. Pragmatically, only the pragmatic index i, needs
to be transmitted to preserve the action; the reification
index i, is optional and determines syntactic fidelity.

3) A decoding function y : J, — W" that, upon
receiving an index i,, outputs a representative syntac-
tic sequence w" belonging to the reified typical set
B(E”) (mip). If the reification index i, is also transmit-
ted, the decoder can output the exact syntactic sequence
identified by i,; otherwise, it may choose any syntactic
sequence from the corresponding synonymous typical
sets, as all share the same pragmatic meaning.

. . 1
The pragmatic code rate is defined as R = . log, M,
(prabits per source symbol), and the reification rate is

1 .
defined as R, = p log, M, (bits per source symbol).
The total syntactic code rate is therefore Ryy, = R+R,. =

% log, M. The error probability for a given code is

P{" = Pr{y (p(W™) ¢ B (WM}, (203)

i.e., the probability that the decoded syntactic sequence
does not belong to the correct reified typical set, and
hence the pragmatic purpose is not preserved.

This coding architecture is illustrated in Fig. [L].
The encoder first applies the Reification Mapping g”
to determine the pragmatic class of the observed syn-
tactic sequence, then encodes that class index. The de-
coder recovers the index and outputs an arbitrary syn-
tactic sequence from the corresponding reified typical
set, which indicates that the decoder’s output may differ
syntactically from the input but preserves the pragmatic
meaning. The intermediate semantic layer is implicit in
the composition g"” = f” o ¢", and the system can be
viewed as a cascade of synonymous and isoteleia map-
pings.
Theorem 37 (Pragmatic Lossless Source Coding Theo-
rem): Let W be a discrete memoryless syntactic source
with associated pragmatic variable W having pragmatic
entropy H,,(W). For any ¢ > 0 and pragmatic code rate
R:

1) Achievability: If R > H,(W), then for suffi-
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Fig. 11: Block diagram of pragmatic lossless source coding. The encoder applies the reification mapping g” to map the pragmatic class to its syntactic sequence

and encodes the index. The decoder outputs a representative syntactic sequence from the corresponding reified typical set.

2"R+Rp) 1) pragmatic

ciently large n, there exists an (
lossless source code with error probability P < e,
where R, is the rate of the reified typical set (i.e., the
number of syntactic realizations per pragmatic class).
2) Converse: If R < H,(W), then for any
(2"(R+R1’), n) pragmatic lossless source code, the error
probability P tends to 1 as n — oo.
Moreover, the pragmatic Value of Information (Vol)
achieved by the compressed index is maximized (i.e.,
equals the Vol obtained from the full pragmatic variable
W) ifand only if R > H,,(W).
Proof. Achievability: Fix ¢ > 0 and choose R >
H,,(W). By the properties of the pragmatic typical set
(Theorem B3), the pragmatic typical set A(gn) satisfies

(1 _ 6)2n(HP(E)—E) < |A(n)| < 2n(HP(E)+E)

—€
Since R > H,,(W), we can select n large enough such
that 2R > lé(en) |. We construct a one-to-one mapping
from each pragmatic typical sequence w" € f_l(gn) to a
distinct pragmatic index i,, € {1, ...,2"R}. For any syn-
tactic sequence w', the encoder computes its pragmatic
class w". If w" € A(("), it sends the assigned index i,;
otherwise, it sends a default index (e.g., 1).

Each pragmatic index i, corresponds to a reified
typical set B (mip) of size approximately 2"Rv where
R, = HW) -H,(W) is the maximum rate of the rei-
fied typical set. The decoder receives the index i, and
outputs an arbitrary syntactic sequence from the cor-
responding reified typical set B! (m.p) (which is non-
empty by definition). This ensures that the pragmatic
purpose is correctly recovered whenever W" € 4(6").
By Theorem B3, Pr{W" e 42") } > 1 — ¢, so the er-
ror probability is bounded by ¢. Hence, for any R >
H,(W), there exists a code with arbitrarily small error
probability.

The total syntactic code rate is Ry, = R + R,,.
When R, = 0 (ie., each pragmatic class is repre-

syn

sented by a single syntactic sequence), the total rate ap-
proaches H,(W). When R, increases to its maximum
value H(W) — H,(W), the total rate approaches the
syntactic entropy H (W), recovering the classical loss-
less source coding limit. The intermediate values of R,
correspond to different levels of syntactic redundancy
preservation within each pragmatic equivalence class.

Converse: Assume a code with pragmatic rate
R < H,(W) and error probability Pé”). Let 7, be the
set of pragmatic indices, with |7,| = 2"R  Define the
decoding sets Z),-p = {w": ¢(w") = i,}, and their cor-
responding pragmatic classes 2’}) = {w" : g"(w") =
w" for some w” € Z),-p}. Since each decoding set is
assigned to a single pragmatic index, the decoder can
correctly recover the pragmatic purpose only if the true
W" belongs to D i The total number of distinct prag-
matic classes that can be correctly decoded is at most
17, = 27R  To achieve small error probability, these
classes must cover most of the probability mass of W".
By the properties of the pragmatic typical set, the num-
ber of pragmatic typical sequences is approximately
2" W IfR < H, (W), then 2R < (1-¢)2" =9
for large n, so at most a fraction of the pragmatic typ-
ical sequences can be assigned distinct indices. Con-
sequently, for any code, the probability that the true
pragmatic sequence falls into an unassigned class or is
mapped to a wrong index is at least 1 — 2" (7p (W) =R=¢),
which tends to 1 as n — oco. Thus, P/ — 1. This
proves the converse.

Connection to Pragmatic Vol: The pragmatic
Value of Information achieved by the compressed index
1, is defined as

Vol,(I,) = By [UW,a*(W(I,)))] - Up,

where a* (W (I,,)) is the optimal action based on the re-
covered pragmatic class, and Uy, is the baseline utility
without any information. Since I, is a function of the
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encoded index, it carries at most nR bits of information
about the source. By the data processing inequality, the
mutual information between the pragmatic variable W

and 1, is bounded by
I(W:1,) <H(,) <R

To achieve the maximum pragmatic value VoI, —
i.e., the same utility as if the true pragmatic variable
W were directly observed—the index /,, must preserve
all pragmatically relevant distinctions. This requires
that W be recoverable from I,, which in turn neces-
sitates [(W;1,) = H,(W). However, this equality
can hold only if R > H,(W). IfR < H,(W), then
I(W;1,) < R < H,W), implying that some un-
certainty about the optimal action class remains unre-
solved. Consequently, the expected utility conditioned
on [, is strictly less than the utility obtained under per-
fect pragmatic knowledge, and the achievable Vol is
strictly below VoI, Conversely, when R > H, (W),
the encoder can simply transmit a lossless description of
the pragmatic index, and the decoder recovers W per-
fectly, thereby attaining the full pragmatic Vol. Thus,
the minimum rate for full pragmatic value extraction is
exactly H (W), O
Remark 12: The pragmatic lossless source coding the-
orem generalizes Shannon’s classical theorem. The hi-
erarchy H,(W) < H (W) < H(W) quantifies the com-
pression gains from pragmatic abstraction. The reified
typical set B (w") admits a two-level decomposition
via the composition g" = f" o ¢": it partitions into
isoteleia typical sets E(™ (w") (grouping semantic justi-
fications that lead to the same action) and, within each,
synonymous typical sets S (") (grouping syntactic
realizations of the same meaning). This structure under-
pins the additional rate R,,, which offers a flexible trade-
off: setting R, = 0 achieves the pure pragmatic limit,
while increasing R,, preserves syntactic details within
each pragmatic class, recovering the classical limit as
R, > H(W) - H,(W).

The optimal encoding strategy compresses directly
to the pragmatic index, discarding all syntactic and se-
mantic distinctions that do not affect the optimal action
—consistent with the design principles of pragmatic

information systems (Section II). The pragmatic Vol
provides a direct performance metric: for a given rate
R, the achievable utility is maximized when the code
preserves pragmatic equivalence classes, establishing a
principled trade-off between communication rate and
task performance in applications such as autonomous

driving, remote control, and industrial automation.

VIII. Pragmatic Channel Coding

In this section, we study pragmatic information
transmission over noisy channels. Extending the joint
AEP via the joint reification mapping, we define the
jointly reified typical set that groups syntactic input-
output pairs by their common pragmatic purpose. Us-
ing random coding and joint typical decoding, we prove
the pragmatic channel coding theorem: the pragmatic
capacity equals the maximum achievable rate and ex-
tends the classical capacity by tolerating errors that do
not affect optimal actions.

A. Jointly Asymptotic Equipartition Property and
Jointly Reified Typical Set

To establish the fundamental limits of pragmatic
channel coding, we first extend the asymptotic equipar-
tition property to the joint distribution of channel input
and output sequences at the pragmatic level. Unlike
the semantic approach, which relies on the joint synony-
mous mapping, we directly employ the joint reification
mapping, which is the composition of the joint synony-
mous and joint isoteleia mappings, to aggregate syntac-
tic sequence pairs into pragmatic equivalence classes.
This approach provides a direct characterization of the
equivalence of input-output pairs with respect to the op-
timal terminal actions.

Consider a discrete memoryless channel with in-
put alphabet I, output alphabet ¥, and transition prob-
ability P(Y]X). Let 2 and Y be the associated semantic
alphabets, and let X and 4 be the pragmatic alphabets
induced by the isoteleia mappings ex : X — 2% and
ey : 4 - 29 , respectively. The synonymous mappings
fx: X - 2% andfy : § - 2¢ map semantic symbols
to sets of syntactic symbols. The reification mappings
gx =fxeex : X » 2V andgy = fy o ey 1Y - 27
directly bridge the pragmatic and syntactic layers.
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For the joint behavior of channel input and out-
put, we define the joint reification mapping, the joint
synonymous mapping, and the joint isoteleia mapping.
Their sequential extensions are defined element-wise.
Definition 37 (Joint Mappings for Sequences): Let
fxy : X xY - 2779 be the joint synonymous mapping,
andletexy : X x ¥ - 208 be the joint isoteleia map-
ping. The joint reification mapping gxy = fxy ° exy :
XxY - 244 is their composition. Their n-th sequen-

tial extensions are defined by:
A n
Fy @5 & T fey G 30,
k=1

n
ey @y & [ exy@ey,)
k=1

n
8xy (X", y") £ Ry o ey) (X", y") = ngxy()_fk»zk)-
k=1

(204)

Thus, g% partitions the joint syntactic space X" x "
into equivalence classes according to the pragmatic pair
(x7,y").

‘We now define the relevant typical sets. Let
P(X,Y) = P(X)P(Y|X) denote the joint distribution
induced by the channel. The syntactically jointly typi-
cal set A" is defined as in classical information theory

N}
A(en) A {(xn,yn) e xyn:

—%1ogP(x”) —H(X)’ <e,

—log PO —H(Y)| < ¢

—%logP(x”,y”) - H(X, Y)‘ <€} (209)

For the pragmatic layer, we define the pragmati-
cally jointly typical set, which aggregates probabilities
over reified equivalence classes.

Definition 38 (Pragmatically Jointly Typical Set): The
pragmatically jointly typical set 4(6") is the set of prag-
matic sequence pairs (x",y") € X " x g" such that

A & {()_cn,zn) : ‘—%logP()_c") -H,(X)|<e,

1
‘—ElogP()_/”) —HP(X)‘ <e,

1
‘—EIOgP()_c”,Xn) _HP(X,Z)‘ < 6},

(206)

B

1%

L3

<
H]
|

n
= []PGpy). Py
k=1

> P(y).  (207)

(XY €8xy (XY, )
The marginal pragmatic probabilities P(x") and P(y")
are obtained by summing over the other variable. -
For a given pragmatic pair, the jointly reified typ-
ical set collects all syntactic pairs that share that prag-
matic interpretation and are syntactically jointly typical.
This set is naturally decomposed into synonymous typ-
ical sets corresponding to each semantic interpretation
in the isoteleia typical set.
Definition 39 (Jointly Reified Typical Set): Fora given
c A(n)

—c b

pragmatic typical pair (x",y") the jointly

reified typical set B(gn)()_c”,y_”) with the syntactically
jointly typical sequences (x;, y") is defined as the set
of n-sequence pairs (x",y") € X" x Y" such that the
following conditions hold:

B (x",y") = {(x",y”) eX XY
1

—ElogP(x”) —H(X)‘ <€,
1

—ElogP(y”) —H(Y)’ <€,
1

——log P(x",)") —H(X,Y)‘ <e,
1 n

——log P(x )—Hp()_()‘ <e,
1 n

—— log P(y )—Hp(z)‘ <e,

1
—log P(x", y") —H,,o_(,z)] <e

1
— g P, y") = (x",y"))

_(H(X’Y) _Hp()_(’z))’ < E,},

(208)
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where
P((x",y") = (", y"))
P(x ’y) : n ,n n n ,n
s | Py YD E S .
0, otherwise.

(209)

The first three conditions ensure syntactic joint typical-
The fourth through

sixth conditions ensure pragmatic joint typicality of the

ity of the sequence pair (x",y").

sequence pair (x",y"). The seventh condition enforces
the reification typic_ality, i.e., the difference between the
syntactic joint entropy and the pragmatic joint entropy
is e-close to the entropy reduction H(X, Y) - H,(X, Y).

Equivalently, the jointly reified typical set can
be expressed as the union of jointly synonymous typ-
ical sets over all semantic pairs in the corresponding

isoteleia typical set:

S (&, 5m),
@5 eED (x,ym)

B(gn)()_cn’zn) — (210)

where E" (x"
™ (", 3") denotes the jointly synonymous typical set.

,¥"") denotes the isoteleia typical set, and

Thus, the jointly reified typical set partitions the syntac-
tically jointly typical set according to the equivalence
classes induced by the composition of the joint isoteleia
and joint synonymous mappings, i.e., the joint reifica-
tion mapping.

Under the sequential joint reification mapping
g%y the syntactically jointly typical set A can be par-

titioned into jointly reified typical sets:

AM =

)
(x",y") €A,

B (xm,y™), (211)

with disjointness for distinct pragmatic typical pairs.
Fig. illustrates the hierarchical relationship
among the syntactically jointly typical set A the prag-
matically jointly typical set A (E") , and the jointly reified
typical sets BY” (x, y"). The joint reification mapping
g%y = fiy © exy rr;aps each syntactic sequence pair
(x",y™) to its corresponding pragmatic pair (x",y").

Under the joint reification mapping, A" is partitioned

into disjoint jointly reified typical sets, each corre-
sponding to a distinct pragmatic typical pair (x",y")
in 4(6”) y
is itself the union of jointly synonymous typical sets

Each jointly reified typical set B(gn)()_c",zn)

S (57, 31) over all semantic pairs in the isoteleia typ-
ical set E/ (x"
f¥yo€e%y. The dashed circles within each reified set rep-

,y"), reflecting the composition g%, =

resent the individual synonymous typical sets, which
group syntactic pairs sharing the same semantic inter-
pretation. This nested structure visually demonstrates
that the pragmatic abstraction merges semantically dis-
tinct but pragmatically equivalent pairs, thereby reduc-
ing the number of equivalence classes from IA(€")| to
|A (5") |, consistent with the entropy reduction H,, (X, Y) <
H,(X,Y) < H(X,Y) established in Section [II.

We now establish the AEP properties of these typ-
ical sets. The syntactically joint AEP is the classical
result [ B31: we restate it for reference.

Theorem 38 (Syntactically Joint AEP): Let (X", Y")
be a sequence pair of length n drawn 1.i.d. according to
P(x",y™). Then for sufficiently large n:

1) Pr{(X” Y") eAMy>1-

2) (1 - €)2nHX.Y)- €)<|A("|<2n

3) If X”,Y”) ~ P(x")P(y") are independent se-
quences with the same marginals, then

(X, Y)+€)'

(1_6)27n(I(X;Y)+36) < pr{()'(n,f/n) c A(en)} < 2-n(I(X;Y)-

The pragmatically joint AEP follows by applying
the weak law of large numbers to the aggregated prag-
matic probabilities.
Theorem 39 (Pragmatically Joint AEP for Transmis-
sion): Let (X",Y") be a pragmatic sequence pair of
length n drawn i.i.d. according to P(x", X”), with the
associated syntactic sequence pair (X", Y") under the
joint reification mapping g%,. Then for sufficiently
large n:

1) Pr{(X",Y"

2) For any (x",y") € /_X(E")

64(6”)} >1-ce.

~nH, (X Y)+e) < P(x",y") € p—n(H,(X.Y)=€)

(H (X.Y)- |A | 2n (X Y)+€)

3 1-¢)
4) If (X", Y") ~ P(x™)P(y") are independent se-
quences with the same marginals as X" and Y”, and
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Fig. 12: The joint reification mapping g%, maps pragmatic classes (x", y"*) to syntactic pairs (x"*, y"*). Each pragmatic typical pair corresponds to a jointly reified

typical set B (x", »™), which is a union of synonymous typical sets over the isoteleia typical set.

(Xn, Y ") are the corresponding pragmatic sequences,
then

(1 — ¢)2 I X:Y)+3e) ¢ pr{(X",Z") 64(6")}

< 2-nUP(X;Y)=-3¢) (212)

The details of the proof are provided in Appendix
D.

Finally, we establish the properties of the jointly
reified typical set and its decomposition.
Theorem 40 (Properties of the Jointly Reified Typical
Set): For any pragmatic typical pair (x",y") € 42"),
for sufficiently large n: -

1) For any (x",y") € B(E")()_c”,X"),
Px™,y")

y~n(H(X.Y)-H,(X.Y)+e)
S Pyt

JACLLES

IBEY (1, y)] = |EEY (", y")] - ISE (L 5L (213)

where the approximation holds for any x¥”,y" in the
isoteleia typical set, and the product reflects the com-
position g%y = fy © €yy.

Remark 13: The jointly reified typical set B (x", y")
groups together all syntactically jointly typical pa_irs
Its de-
composition into synonymous and isoteleia typical sets

that share the same pragmatic interpretation.

reveals the two-level abstraction: the isoteleia map-
ping merges semantic differences that do not affect
the optimal actions, while the synonymous mapping
merges syntactic differences that do not affect the mean-
ing. The cardinality of a jointly reified typical set

ZH(H(X» Y)7H17 (X’X

is approximately ) which is larger

~n(H(X.Y)~H,(X.Y)¢)

than a single synonymous typical set by a factor of

QH X Y)-H, (X.Y)) reflecting the additional syntactic

freedom gained when only the pragmatic purpose needs

X XD=) B (xn,ym)| < 2" X ¥)-H,(X,y)+dp be preserved. When randomly selecting an indepen-

The details of the proof are provided in Appendix
E.
Corollary 7 (Decomposition of the Jointly Reified Typ-
ical Set): The jointly reified typical set can be decom-
posed as the union of synonymous typical sets over the
isoteleia typical set:

B (x",y") = U S (37, 5.
@3 eE!™ (xn.yn)

Consequently, its cardinality satisfies

dent pair of syntactic sequences, the probability that
they fall into the same jointly reified typical set (i.e., are
pragmatically jointly typical) is about 274" X:¥) ‘which
is not larger than the classical joint typicality probabil-
ity 271 X5Y) "reflecting the pragmatic capacity gain.
B. Pragmatic Channel Coding Theorem

We establish the fundamental limit for pragmatic
transmission over noisy channels using a two-level
code: the encoder selects a pragmatic index (optimal
action) and then a syntactic codeword from its reified
typical set; the decoder recovers only the index, tolerat-
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ing syntactic errors. Via random coding and joint typi-
cal decoding based on the jointly reified typical set, we
prove that the pragmatic channel capacity is the maxi-
mum achievable rate. We also connect this result to the
pragmatic cost of information.

Definition 40 (Pragmatic Channel Code): An
(M, M., n) pragmatic channel code consists of:
1) A pragmatic index set Jp = {1,2,...,Mp},

where each index i, € 7, corresponds to a distinct prag-
matic purpose (optimal action class).

2) A reification index set J, = {1,2,...,M,},
where each index i, € J,. enumerates the syntactic code-
words within each reified typical set.

3) An encoding function ¢ : J, x 7, - X" that
maps each pair (ip,iy) to a codeword x"(i,,i,) such
that for each pragmatic index i, the set of codewords
{x"(i,,i,) : i, € J,} lies entirely within the correspond-
ing reified typical set B! ()_c;?p , XZ)) for some typical out-

put pragmatic sequence y;‘ . (The decoder will recover
—p

i, without needing the exact i,..)
4) A decoding function y : ¥" — 7, that maps

the received sequence to a pragmatic index.

. . 1 .
The pragmatic code rate is R, = - log, M,, (prabits per

. . . 1
channel use), and the reification rate is R, = p log, M,
(bits per channel use). The total syntactic rate is

1
Rt =R, + R, = n 10g2(Mer). 214

For a given code, the error probability is defined as

PYY = Pr{y (Y") # i), (215)

where i, is the intended pragmatic index, and Y” is

the charI:nel output when the corresponding codeword
is transmitted.

Figure [13 depicts the process of pragmatic chan-
nel coding. The encoder first selects a pragmatic index

i, € J, corresponding to the intended optimal action

class. Given ips the encoder then chooses a reification
index i, € J,, which selects a specific syntactic code-

word from the reified typical set B(en)()_c? ,y;’ ). The
r =i,

transmitted codeword x"(i,,i,) is sent over the chan-
nel. The decoder recovers only the pragmatic index fp
via jointly typical decoding based on the jointly reified
typical set, ignoring syntactic variations within the rei-
fied typical set. Thus, the two-level structure separates
the pragmatic purpose from its syntactic realizations,
enabling reliable transmission at rates up to the prag-
matic channel capacity.

Theorem 41 (Pragmatic Channel Coding Theorem):

Let C, be the pragmatic channel capacity defined in
Eq. (120) of Section V-A | i.e.,

C, = maxmaxI”(X;Y),

p px) 8xy (216)

where I”(X;Y) = H(X) + H(Y) — H,(X,Y) is the up
pragmatic mutual information. For any ¢ > 0 and total
rate Ry

1) Achievability: If R, < C,, then for suffi-

Rp+Re) ) pragmatic

ciently large n, there exists an 2"
channel code with error probability P < .
If Ry

(2" RpFR) ) pragmatic channel code, the error prob-

2) Converse: > C,, then for any
ability P is bounded away from zero for sufficiently
large n.
Consequently, the pragmatic cost of information
Col,, (R) is finite for R < C,, and becomes unbounded
for R > C,, establishing C,, as the fundamental thresh-
old for resource-limited pragmatic communication.
Proof. Achievability: Fix ¢ > 0 and choose rates
R,, R, such that R,y = R, + R, < C,. By the defini-
tion of Cp, there exists an input distribution p(x) and a
joint reification mapping gyy such that /P (X;Y) > Ry;.
Let R = IP(X;Y) — & for some small § > 0, so that
Ryt <R < C),.

We construct a random codebook € of size

P
ip — Xn
Encoder
; ¢
g” — f‘)Y Oe}’l

Channel
Pk

y" )A(n lp
Decoder g —>

v

Fig. 13: Block diagram of pragmatic channel coding. The encoder selects a pragmatic index #, and a reification index i,., then transmits the corresponding

codeword. The decoder recovers only the pragmatic index fl,, ignoring syntactic variations within the reified typical set.
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2Ry *+Ry) by drawing each codeword independently ac-

n
cording to P(X") = H P(X;). These codewords are
k=1

then partitioned uniformly into 2"Rp groups, each corre-
sponding to a pragmatic index i, with 2" codewords
per group. This partition is based on the reification map-
ping: all codewords in group i, are chosen from the
reified typical set B ()_CZ, , XZ]) for some typical output

pragmatic sequence.

The encoder, upon receiving a pragmatic message
ips
choice is sufficient, as all share the same pragmatic pur-

selects one of the 2"Rr codewords in group i, (any

pose) and transmits it. The decoder uses the jointly typi-
cal decoding rule based on the jointly reified typical set:
upon receiving Y", it searches for the unique pragmatic

index i

i, with (x",Y") € B (x,y"), i.e., the pair is jointly
4 _llJ

such that there exists a codeword x" in group

reified typical. If no such index exists, or if multiple
exist, an error is declared.

We now analyze the error probability. Assume
codeword x"(1,1) (from group i, = 1) is transmitted.
Define the following events:

* Ey: The transmitted codeword and the received
sequence are not jointly reified typical. By the
jointly reified typical set properties (Theorem B9),
the probability of this event tends to 0 as n — oo,
ie., P(Ey) < €/2 for large n.

* E; for i, # 1: There exists some codeword in a
wrong pragmatic group that is jointly reified typi-
cal with the received sequence. For a fixed wrong
group i, the number of codewords is 2"%r, and
each is independent of the received sequence. By
the probability bound in Theorem B9, the probabil-
ity that a given codeword from a wrong group is
jointly typical with Y is at most 27!/ (X:X)=3¢)

Hence, by the union bound,
P(E;) < 2"Rrp-nP(X:Y)=3€) _
Summing over all 2"%» — 1 wrong groups gives
P| | E; | <2 .27 nUIPXX) =R, =3€)
i #1

— 2—n(1” (X;Y)-R,-R,-3¢)

2—n(IP(X;Y)~R,.—3€)

= D~ nUP(X:Y) =Ry —3€) (217)
Since R, < IP(X;Y), this probability tends to 0 as n —
oo. Therefore, the total error probability P < P(Eq) +
Z P(E;) < e for sufficiently large n. This proves the
i #l
achievability.

Converse: Assume a code with total rate R, >
C,, and error probability PYY . Let W, be the uniformly
distributed pragmatic message, and let W, be the de-
coder’s estimate. By Fano’s inequality,

H(W,|W,) < 1+ P logM, = 1+P{"nR,,.

Using the data processing inequality and the fact that
X" is a function of W,, and the codebook, we have

nR, = H(W,) < I(W,; Y") + H(W,|Y")
<IX™Y") +1+P{nR,.

Now, by the definition of pragmatic capacity and the
chain rule for up pragmatic mutual information (The-
orem [12), we have I(X";Y") < IP(X";Y") < nC,.
Thus,

1
nR, <nC,+1+P"nR, = R,(1-P) <Cp+ -

Since the total rate R, = R, + R,, and R,. > 0, we get

Rtot -C

, (218)

1
PR, + — +R,.
Letting n - oo and assuming P” — 0, we obtain
Rtot < C

p’
error probability cannot tend to zero. This proves the

a contradiction. Hence, if R, > C,, the

converse.

Connection to Pragmatic Cost of Information:
The pragmatic cost of information Col,,(R) is the mini-
mum resource required to achieve rate R. Since reliable
transmission is possible iff R < C,, Col,(R) is finite
for R < C, and increases to infinity as R > C,,. Thus,
C,, is the threshold beyond which no finite resource can
guarantee reliable pragmatic communication. O
Remark 14: The pragmatic channel coding theo-
rem generalizes Shannon’s classical theorem (when

isoteleia and synonymous mappings are trivial, C,, =
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C) and the semantic theorem (when only the synony-
mous mapping is nontrivial, C,, = Cy). By tolerating
errors that do not affect the optimal action, pragmatic
coding achieves a larger capacity. The two-level code
structure separates the pragmatic purpose from its syn-
tactic realizations, allowing the encoder to exploit the
redundancy in syntactic representations while ensuring
that the decoder recovers the essential pragmatic infor-
mation. The jointly reified typical set serves as the foun-
dation for both encoding and decoding, enabling reli-
able communication at rates up to C,,. The theorem also
establishes a direct link between pragmatic capacity and
the pragmatic cost of information, highlighting the re-
source trade-offs inherent in task-oriented communica-

tion.

IX. Pragmatic Lossy Source Coding

In this section, we investigate the fundamental lim-
its of pragmatic lossy source coding, where the goal
is to compress a source while preserving its pragmatic
utility rather than its exact syntactic or semantic con-
tent. We extend the asymptotic equipartition property
to the joint distribution of the source and its reconstruc-
tion at the pragmatic level. By introducing the reifi-
cation mapping for both the source and the reconstruc-
tion sequences, we define the jointly reified typical set,
which characterizes the equivalence classes of source-
reconstruction pairs that share the same pragmatic in-
terpretation. Using random coding and jointly typical
encoding based on this typical set, we prove the prag-
matic rate-distortion coding theorem, which establishes
that the pragmatic rate-distortion function R, (D) is the
fundamental limit for task-oriented compression.

A. Pragmatic Distortion and Jointly Typical Set

To establish the fundamental limits of pragmatic
lossy source coding, we first extend the asymptotic
equipartition property to the joint distribution of the
source sequence and its reconstruction at the pragmatic
level. Unlike the semantic approach, which relies on
the joint synonymous mapping, we directly employ
the reification mapping, which is the composition of
the synonymous and isoteleia mappings, to aggregate
syntactic sequences into pragmatic equivalence classes.

This approach provides a direct characterization of the
equivalence of source and reconstruction pairs with re-
spect to the optimal terminal actions.

Consider a discrete memoryless source X with al-
phabet X and probability mass function P(X). Let X be
the associated semantic variable and X be the pragmatic
variable induced by the isoteleia mapping ey : X — 2%
and the synonymous mapping fy : X — 2%, with the
reification mapping gy = fx o ex : X — 2%. Similarly,
let X be the reconstruction variable with associated se-
mantic X and pragmatic X, induced by the reification
mapping g : X - 2T,

For lossy source coding, the encoder produces a
reconstruction sequence X” based on a test channel
P(X"|X"). The pragmatic distortion measure d,(x,X)
quantifies the loss of utility when a pragmatic symbol x
is represented by X. In practice, it can be defined as the
utility loss:

d

p(x,X) = max E[U(X, a)lx] - max E[U(X, a)lx],

(219)

or any other non-negative function that reflects the
degradation in decision quality. The average pragmatic

distortion is then

|
&
=
=
o
1l
M
Y

xX,X)d

A (220)

(x, X).

We now define the relevant typical sets. Let
P(X,X) = P(X)P(X|X) denote the joint distribution in-
duced by the test channel. The syntactically jointly typ-
ical set A is defined as in classical information theory

[l 431.
AP 22 e X x A
—%logP(x") —H(X)‘ <e,

—%logP()E”) ~HX)|<e,

—%logP(x",)?") —H(X,X)‘ <ef. (221

For the pragmatic layer, we define the pragmati-
cally jointly typical set, which aggregates probabilities
over reified equivalence classes.
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Definition 41 (Pragmatically Jointly Typical Set for
Source and Reconstruction): The pragmatically jointly

. (n) - . .
typical set A/ 1sA ;[lhe set of pragmatic sequence pairs
(x",x") € X" x X such that

1
|- log P(x") —Hp()_()’ <e,

1 ~Nn <>
_ZlogP()_c ) —Hp()_()‘ <€,

1 ~Nn <>
~—logP(x".&") ~ H,(X.X)| < ¢},
(222)
where
n
P(x".2") = [[Px.%,).
k=1
P(x,,X,) = Y P(xe. X)), (223)

(X1 €8x (XX

with gy ¢ = gx x g4 being the joint reification mapping
for the source and reconstruction. The marginal prag-
matic probabilities are obtained by summing over the
other variable.

For a given pragmatic pair, the jointly reified typi-

cal set collects all syntactic source reconstruction pairs
that share that pragmatic interpretation and are syntac-
tically jointly typical.
Definition 42 (Jointly Reified Typical Set for Source
and Reconstruction): For a given pragmatic typical
pair (x*,%") € 4(6"), the jointly reified typical set
B (x",x") is defined as the set of syntactic pairs
(x", %) € X" x X" such that the following conditions
hold:

B(en) (g”,)z") = {(x",)?") : ‘—%bgP(x”) —H(X)‘ <e,
1 R ~
- log P(x") — H(X)‘ <e,

—% log P(x", 2") —H(X,f()‘ <,

1 P(x")

—Elog@—(H(X)—HP(X)) <e,
1. PGEY _ _
—ﬁlog P& (H(X) - H,(X))| <,

P, x")

1 5
= H(X,X) -
w1 pn gy~ X

Hy(X.0)| < e,

(x", %) € gh o (x", 2" . (224)

The first three conditions ensure syntactic joint typical-
ity. The fourth and fifth conditions enforce individual
reification typicality for the source and reconstruction
sequences. The sixth condition enforces joint reifica-
tion typicality. The last condition guarantees that the
syntactic pair maps to the given pragmatic pair under
the joint reification mapping.

Under the sequential joint reification mapping
8y ¢ the syntactically jointly typical set A" can be par-
titioned into jointly reified typical sets:

AY = |

~n (n)
(x".X7)eA,

B (x",2"), (225)

with disjointness for distinct pragmatic typical pairs.

As shown in Fig. [[4, the joint reification mapping
8z =Jyx o€y firstcollapses syntactic sequence pairs
into pragmatic equivalence classes according to the op-
timal actions, yielding the pragmatically jointly typical
set 42"). For each pragmatic pair, the preimage is the
jointly reified typical set B, which collects all syntac-
tic pairs sharing the same pragmatic purpose. Within
B!, the isoteleia mapping further groups semantic in-
terpretations that lead to the same action, while the
synonymous mapping collects syntactic realizations of
each meaning. Thus, B is the union of synonymous
typical sets over the isoteleia typical set. This hierar-
chical coarsening reduces the number of equivalence
classes from IA(E”)I to |A fg") |, consistent with the entropy
hierarchy H,(X,X) < H,(X,X) < H(X,X), and pro-
vides the basis for the pragmatic rate-distortion theo-
rem.

We now establish the AEP properties of these typ-
ical sets. The syntactically joint AEP is the classical
result 1 B3]: we restate it for reference.

Theorem 42 (Syntactically Joint AEP): Let (X", X")
be a sequence pair of length n drawn i.i.d. according to
P(x",x"). Then for sufficiently large n:

D) Pr{(X",X") € A} > 1—e.

2) (1- E)zn(H(x,f()—e) < |A(g")| < 2n(H(X,5()+g)_

3) If (X",)}n) ~ P(x™)P(x") are independent se-
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/Y" Pragmatic

X" Syntactic
£> sequence set

sequence set

Reification mapping

Synonymous
typical set

Jointly typical
sequence

~ n Pragmatic
% sequence set

.)2 »n Reconstruction
sequence set

Synonymous
typical set

Fig. 14: Hierarchical typical sets for pragmatic lossy source coding. The joint reification mapping g% o = f¥ 5 © €% partitions the syntactic joint typical set A

. e . . - . . P (n) . . .
into disjoint jointly reified typical sets B (x, "), each corresponding to a pragmatic pair in A:’ . Bach B is further decomposed into synonymous typical

sets S over the isoteleia typical sets E.

quences with the same marginals, then
(1- g)z—n(I(X;)?)+3€) < Pr{(X”,}?n) GA(En)}

< 2—n(1(X;)A()—36)‘

The pragmatically joint AEP follows by applying

the weak law of large numbers to the aggregated prag-
matic probabilities.
Theorem 43 (Pragmatically Joint AEP for Compres-
sion): Let (K",Xn) be a pragmatic sequence pair of
length n drawn i.i.d. according to P(x",x"), with the
associated syntactic sequence pair (X", X”) under the
joint reification mapping gy .. Then for sufficiently
large n:

D Pr{X",X) eA”} > 1 -e.

2) Forany (x", ") €AY,

2y XX)ve)  pyn gy ¢ g~ H,XX)=e)

3) (1 = €)2"HpXX)=6) g0 ¢ onH,(X.X)+e)
X 2 A .
. ~n
4H If (X", X ) ~ P(x™)P(x") are independent se-
quences with the same marginals as X” and X", and
. ~n
()_(n,)_( ) are the corresponding pragmatic sequences,

then
v . s n
(1 _ 6)2—n(1p(§’§)+36) < Pr{()_(n,)_( ) eé(gn)}

< 71, (X:X)-3€).

The details of the proof are provided in Ap-
pendix [H.

Finally, we establish the properties of the jointly
reified typical set.
Theorem 44 (Properties of the Jointly Reified Typical
Set): For any pragmatic typical pair (x*,X") € 4(6"),
for sufficiently large n:

1) For any (x*, ") € B! (x",x"),

) nH(X.X)-H,X.K)+e) P(X",)?Z)
P(x",x")

< o MHX.X)-H,(X.X)-¢)

2)

HHXX)-H,(XX)=6) | pn) (yn 31),

< Hn(H (X, X)=H),(X.X)+€)

Proof. Property (1) follows directly from the definition
of B (x*,x"). The cardinality bounds are obtained by
the same summation argument as in Theorem B¢ of Sec-
tion VIII-A . O
Remark 15: The jointly reified typical set B (x*,x")
groups together all syntactically jointly typical source-
reconstruction pairs that share the same pragmatic inter-
pretation. Its definition directly employs the reification
mapping gy o = fys o e} o, which is the composition
of the joint synonymous and joint isoteleia mappings.
Consequently, the jointly reified typical set can be de-
composed as the union of jointly synonymous typical
sets over the isoteleia typical set:
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~Nn
S (LX),

(¥1,% )eEM (xn,2")

where E (x*,x") is the isoteleia typical set and
Sé”)(i”,)?n) is the jointly synonymous typical set.
The cardinality of a jointly reified typical set is ap-

Hn(H(X.X)~H,(X.X

proximately ) which is larger than

a single synonymous typical set by a factor of
2 (H (X.X)~H, (X.X) ), reflecting the additional syntactic
freedom gained when only the pragmatic purpose needs
to be preserved.

B. Pragmatic Rate-Distortion Coding Theorem

We now investigate the fundamental limit of prag-
matic lossy source coding. As depicted in Fig. [[3, with
the help of the reification mapping g" = f” o ", a prag-
matic index i, is mapped into the syntactic source se-
quence X" (i). Considering the distortion requirement,
the encoder selects a suitable reconstruction codeword
X"(j) from a pragmatic class to represent the source,
then sends the indices to the receiver. The decoder out-
puts the reconstruction, and after demapping recovers
the estimated pragmatic index.

For a lossy source coding system, let p(X|X) be the
test channel and X', X denote the source and reconstruc-
tion syntactic alphabets. The conditional distribution
for the n-th extension is

n

pE ") = [ | pGelxe).
k=1

(226)

Definition 43 (Pragmatic Lossy Source Code): An
(M, n) code for pragmatic lossy source coding consists
of the following parts:

(1) A pragmatic index set 7, = {l,...,M,} and
a source reification index set 7, = {I,...,M,}; a re-
construction reification index set J. = {1,...,M_}.
The syntactic source and reconstruction index sets are
J={l,....,Myand 7' = {1,...,M"}.

(2) A reification mapping g% : X" — X" gener-

ates the set of source sequences, namely the pragmatic

sourcebook § = {X"(1),...,X"(M")}. This book is par-
titioned into reified source subsets &, according to the
pragmatic index.

(3) An encoding function ¢ : X" — xn generates
the reconstruction codebook
e = {(X"(1),....X"(M)}, partitioned into pragmatic
codeword subsets €, via the reification mapping g%.

(4) A decoding function y : X" - X outputs
the reconstruction X".

(5) After demapping, ¢ (X") = i,, the estimated
pragmatic index is obtained. Both y and g% are deter-
ministic.

The quotient sets /g% = {S,} and C“’/g;l( =1{C,}
have sizes |5/g%| = M, and IC’/g;’?I = M,. Define

. 1
the pragmatic code rate R = p log, M,,, the source
. . 1 .
reification rate R, = p log, M, and the reconstruction

reification rate R. = rlllog2 M,.. We assume each rei-
fied set has equal size: |S,| = M’'/M, = 2"% and
C,l = M/M, = 2"Re,
Rt = R+R..

Theorem 45 (Pragmatic Rate-Distortion Coding Theo-

The total syntactic rate is

rem): Givenani.i.d. syntactic source X ~ p(x) with as-
sociated pragmatic variable X under the reification map-
ping gx, and a bounded pragmatic distortion measure
dy,(x,x), define the pragmatic rate-distortion function

as
R,(D) = min  min  [,(X;X).  (227)
E[d,(X.X)]<D

where 1, (X; X) = H,(X)+H,(X)—H (X, X) is the down
pragmatic mutual information.

Forany € > 0:

1) Achievability: If R > R, (D), then for suffi-

(2" (R+R:) p) code such

ciently large n, there exists an
that the average pragmatic distortion satisfies aTP <
D+e.

2) Converse: If R < R,(D), then for any

X" (j) i,

Decoder

Encoder

PR

—{ flod

gl i >

o el

Fig. 15: Block diagram of pragmatic lossy source coding.
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(2" R+Re) 'p) code, the average distortion a’_p >D-¢
for sufficiently large n.

Moreover, the pragmatic Value of Information

(Vol) achieved by the reconstruction is maximized (i.e.,
equals the Vol obtained from the full pragmatic variable
X)ifand only if R > R,(D). If R < R,(D), the achiev-
able pragmatic Vol is strictly less than the full value,
and the gap is determined by the rate shortfall.
Proof. Achievability: Fix ¢ > 0 and choose a test
channel p(%|x) such that E[d,(X,X)] < D/(1+¢). Let
1, = I,(X; X) and select a pragmatic rate R satisfying
R,(D) <R <1, -3e.

Generate a pragmatic sourcebook & of size
27(R+R)) by drawing sequences independently from

n
px") = H p(xg). Partition it uniformly into 2R
k=1

groups &,.(i,.) according to the reification mapping g%,
each of size 2%+ such that 8, (i) C B(g") (x, ) for some
representative pragmatic sequence.

Generate a reconstruction codebook € of size
n

2n(R+Re) independently from p(X") = n p(Xy), where
k=1

px) = Z p(x)p(X|x). Partition it uniformly into 2"
X

groups €, (i,,) according to g;l(, each of size 2"R¢, with
Cplip) C B (3, ).

Given a source sequence X", the encoder first finds
the unique source reification group S, (w,) containing
it. Then, based on the distortion criterion, it searches
for a pragmatic index w, and a codeword X" (wp, 1) €
€, (w),) such that (X”,X”(wp, 1)) € B™ (jointly reified
typical). If more than one such pair exists, choose the
smallest index; if none, set w, = 1 and / = 1. The en-
coder sends the indices (wp, D). Similar to the classical
random coding argument [*9] we analyze the probabil-
ity of encoding error and the expected distortion.

Define the error event & as the event that the cho-
sen pair is not jointly reified typical. It can be decom-
posed into

E=& V&,
where &; = {X" ¢ A" (X")}, and

Ey = {X" € 8,(w,), X" (wp,1) € Cp(w)),

(X", X" (w,, 1)) & B, Yw,. 1},

By the AEP, Pr(£;) - Oasn — oo. For &,, us-
ing the fact that 8, (w,) c B ()_cwr) and C,(w,) C

B (%,, ), we have
§2

2nR

P(&)= Y p&") [] Pr(X".X"(w,. 1)
x”EA(g"') Wp:1
$B(€n) ‘ X" :xn)

<) P(x”)[1—Pr((X",X"(1,l))eB(gn))]Z"R
x"eA ™

(228)

Since x" € A(E") and X"(1,1) is drawn indepen-
dently from p(x"), by the pragmatically joint AEP (The-
orem [3)), the probability that the pair is jointly reified
typical is bounded below by

Pr (X", 7(1,1)) € B) > (1 - )27 3,

(229)

for sufficiently large n. This bound follows from the
fact that the probability that an independent pair falls
into the pragmatically jointly typical set A(En) is at least
(1= ¢)27"p*3€) and B ¢ A(Gn).

Using (1 —x)" < e7™ forx € [0,1] and m > O,
we obtain
2nR
P(&y) < (1= (1= e)27"t3)

<exp (—(1 - e)2" =39 (230)

Since R < I, — 3e, the exponent tends to —oo, hence
P(&5) - 0. Therefore the total encoding error proba-
bility P — 0.

Conditioned on the success event &£¢ (i.e., the
pair is jointly reified typical), the average distortion is
bounded by

Eld,(x",X") | €1 < (1 + €)E[d, (X, X)] < D.

Let d

max

pected distortion satisfies

be the maximum distortion. The overall ex-

Eld,(X",X")] < PP dpyax + (1 = PYYD < D + ¢,
(231)
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for sufficiently large n. This proves achievability.

Converse: (2n(R+R.)

Assume a sequence of 1)
< D. Let W), be the
uniform pragmatic message (index i,,), and let W be its
estimate at the decoder. We will show that R > R, (D)
must hold.

First, by the data processing inequality and the fact
that W, - X" - X" forms a Markov chain (where X"

is the reconstruction), we have

codes with average distortion d,, <

~n
I(W,;X") 2 1(X (W,);X"), (232)
where X ! (W),) denotes the pragmatic reconstruction as-
sociated with the chosen codeword. Since W), is a func-
tlonofX (W ), we have H(W ) < I(WP;X”) +H(Wp |
X™). However, a more direct route is used in [24].

We proceed as follows:

nR = H(W,) > [(W,; X") (233)
> IR (W,): X") (234)
>1,(X":X"). (235)

Inequality (234) follows from the data processing in-
equality because Xﬂ is a function of W), (through the
codebook). Inequality (233) is a pragmatic analogue of
Lemma 10 in [24-23] which states that the mutual infor-
mation between the syntactic source and the pragmatic
reconstruction is at least the down pragmatic mutual in-
formation between the pragmatic source and the prag-
matic reconstruction. Indeed, by the definition of down
pragmatic mutual information and the fact that the re-
construction variable is a function of the channel out-
LX"; :X") (this
follows from the entropy hierarchy and the data process-

put, one can verify that 7(X"; X ) =

ing inequality).
Since the source is memoryless, the down prag-

matic mutual information satisfies
n A~
=Y L(X;:X,), (236)
k=1

because the pragmatic variables are also memoryless
due to the deterministic reification mapping.

By the definition of the pragmatic rate-distortion
function R, (D), for each k, we have

1,X,:X,) >R, (Eld,(X,.X)]). (237)

Summing over k and using the convexity of R, (D), we

obtain

Eld,X,.X,)])

ZR
%

n
Y LXX >
k=1

[d,(X,. X, )])

(238)

The average distortion over the entire sequence is d,, =

S|

n
Z Eld, ()_(k,Xk)] < D by assumption. Since R, (D)
k=1

is non-increasing, Rp(d_p) 2 R, (D). Therefore,

1,(X" X ) = nR,(d,) > nR,(D). (239)
Combining (233)-(33) with (239), we obtain
nR > nR,(D) = R>R,(D). (240)

Thus, if R < R, (D), the assumption an < D leads to
a contradiction. Hence, for any code with R < R, (D),
the average distortion must satisty d_p > D — ¢ for suffi-
ciently large n. This completes the converse.

Connection to Pragmatic Value of Information
The pragmatic Value of Information achieved by the re-
construction X is

Vol,(X) = Ey ¢ [UX,a*(X)] - Uy,  (241)

where a* (X) is the optimal action based on the recon-
structed pragmatic class. The full VoI (as if X were di-
rectly observed) is attained if and only if the reconstruc-
tion preserves all pragmatic distinctions, which requires
1,(X; X X) = H,(X). This occurs only when R > H,(X).
More generally, for a given distortion level D, the full
Vol is attainable iff R > R,(D). If R < R, (D), the
loss in pragmatic information reduces the achievable
utility. O
Remark 16: The pragmatic rate-distortion theorem
generalizes both the classical rate-distortion theorem
[1.83] and the semantic rate-distortion theorem [24.231,
When the reification mapping g is trivial (identity),
R, (D) = R(D); when only the synonymous mapping



9 1M

Niu Kai, et al: A mathematical theory of pragmatic information * 69

Jf is non-trivial, we recover R, (D) = Ry (D). In general,
the hierarchy R,(D) < Ry (D) < R(D) holds. Although
our code uses three levels (pragmatic + two reification
rates), the reification mapping g = f o e implicitly in-
cludes the semantic layer. The extra reification rates R,
and R, allow flexible trade-offs: setting them to zero
achieves the pure pragmatic compression limit R, (D),
while increasing them preserves additional syntactic or
semantic details, recovering the classical or semantic
limits. This modularity is consistent with the design
principles of pragmatic information systems.

X. Pragmatic Information Measure of Con-

tinuous Message

In this section, we extend the pragmatic informa-
tion measures to continuous messages, completing the
theoretical framework with both bilateral and single-
sided characterizations. Building upon the isoteleic
volume formalism, we derive the pragmatic capacity
and rate-distortion functions for Gaussian channels and
sources, respectively. More importantly, we intro-
duce the corresponding pragmatic cost of information
(Col) and pragmatic value of information (Vol) for
both bilateral and single-sided cases, establishing the
full duality spectrum: Col is the inverse of the achiev-
able rate functions, while Vol is the Legendre-Fenchel
dual of the rate-distortion functions. These results
provide a complete information-theoretic and decision-
theoretic characterization of task-oriented communica-
tion over continuous alphabets, encompassing percep-
tual (observation-to-action) and expressive (action-to-
reconstruction) asymmetric scenarios.

A. Pragmatic Entropy and Pragmatic Mutual Infor-
mation for Continuous Message

In this subsection, we extend the pragmatic infor-
mation measures, such as pragmatic entropy and prag-
matic mutual information, to the domain of continuous
messages. Unlike the syntactic layer, which deals with
exact signal values, or the semantic layer, which deals
with meanings, the pragmatic layer is concerned with
the consequences of actions. For continuous signals,
the equivalence is determined by whether different re-

alizations lead to the same optimal action, as defined

by a utility function. This gives rise to the concept of
isoteleic volumes, which are the continuous analogues
of the pragmatic equivalence classes (fibers) introduced
in Section [I.

The coding theorems established in Sections VII-
X are developed for discrete, finite alphabets, where
the syntactic, semantic, and pragmatic layers are charac-
terized by quotient spaces of finite cardinality. For con-
tinuous alphabets, the pragmatic equivalence classes in-
duced by the isoteleia mapping become uncountable
sets, and the discrete entropy measures must be replaced
To bridge the dis-

crete and continuous formulations, we adopt the stan-

by their differential counterparts.

dard quantization argument: partition the continuous
space W into small cells of volume A, apply the dis-
crete theory to the resulting finite alphabet, and then
take the limit A — 0. Under this limiting procedure, the
quotient-space structure of the isoteleia mapping con-
verges to the continuous notion of isoteleic volumes €,
which quantify the average measure of signal space that
maps to the same optimal action. The entropy hierarchy
H

p
pragmatic entropy giving way to the differential prag-

< H, < H is preserved in the limit, with the discrete

matic entropy defined below. Consequently, all sub-
sequent Gaussian channel and source characterizations
are consistent with—and indeed inherit the operational
meaning of—the discrete coding theorems proved ear-
lier.

To formalize pragmatic information for continu-

ous messages, we first define the isoteleia mapping
for continuous variables and introduce the notion of
isoteleic volumes.
Definition 44 (Isoteleic Volume): Let W be a continu-
ous random variable with alphabet W C R4 and prob-
ability density function p(w). Let W be the associated
semantic alphabet, and let W be the pragmatic alphabet.
The pragmatic variable W is induced by the isoteleia
mapping e : W - 2W, which, in turn, is derived from
a utility function U (s, a) defined on states and actions.

For each pragmatic symbol w, € W, its isoteleic
volume €; is defined as the total measure of the set of
all semantic (and hence syntactic) realizations that map

to the same optimal action. Formally,
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Q 2l{wewW:a*(w) =w,}

, (242)

where a*(w) is the optimal action for the realization w,
defined by

a*(w) = argmax Eg,,[U(S,a)]. (243)
aceA
The collection {Q ,‘}‘gl| forms a partition of the support
of W,ie,JQ,=Wand Q;nQ; = @ fori # .
i

Analogous to the average synonymous length §
in semantic information theory, we define the average
isoteleic volume as the expectation of the isoteleic vol-
ume under the distribution of W.

Definition 45 (Average Isoteleic Volume): The aver-

age isoteleic volume Q is defined as

Wi
Q2E, o [|Qamnl] = ) Priw) 194, (244)
i=1

where Pr(w,) = / p(w)dw is the probability mass of
Q;
the pragmatic class w,.

The average isoteleic volume Q quantifies the
“compression” achieved by grouping different contin-
uous signals into the same pragmatic class. A larger
Q indicates that more distinct signals lead to the same
optimal action, thus reducing decision uncertainty.

A.l1  Pragmatic Entropy for Continuous Messages

We now define the pragmatic entropy for a con-
tinuous random variable. The definition is derived by
quantizing the continuous space and taking the limit,
analogous to the derivation of differential entropy.
Definition 46 (Pragmatic Entropy for Continuous Vari-
ables): Let W be a continuous random variable with
probability density function p(w), supported on W C
R4. Let W be the associated pragmatic variable in-
duced by the isoteleia mapping, with average isoteleic
volume Q. The pragmatic entropy of W is defined as

Hy) 2= [ pontogpon dw - log . (245)
w

where log Q = Z Pr(w;) log|€;] is the logarithm of
i

the average isoteleic volume.

Remark 17: The first term in Eq. (243) is the classi-
cal differential entropy h(W) = — /p(w) logp(w)dw.

The second term, log Q, accounts for the reduction in
uncertainty due to pragmatic abstraction. Unlike the
discrete case, the pragmatic differential entropy H,,(W)
is not an absolute measure of information but a rela-
tive one, defined up to a reference measure. To main-
tain a meaningful non-negative pragmatic entropy (in
prabits), the average isoteleic volume Q must satisfy:
log Q < h(W). When the isoteleia mapping is trivial
(i.e., each signal leads to a unique action, Q = 1), the
pragmatic entropy reduces to the differential entropy:
H,(W) = h(W).

Corollary 8 (Lower Bound on Pragmatic Entropy):
The pragmatic entropy is lower bounded by

H,(W) = h(W) —log Q.

(246)
Equality holds when the isoteleic volumes are chosen
proportionally to the probability mass of the pragmatic
classes, i.e., when the partition is optimal.

Example 5 (Uniform Distribution): Let W be uni-
formly distributed over an interval of length L, i.e.,
pw) = 1/L for w € [0,L]. Suppose the isoteleia
mapping partitions this interval into K equal isoteleic
volumes, each of size Q; = L/K. Then the average
isoteleic volume is Q = L/K. The pragmatic entropy
is

L

1 1 L .
_/o 12 log Zdw — log x> log K prabits.

H, (W) =

(247)

This result is analogous to the semantic entropy for a
uniformly distributed source, but here the interpretation
is in terms of optimal actions rather than meanings.

Example 6 (Gaussian Distribution): Let W  ~
Under
an optimal isoteleia mapping with average isoteleic

N(0,0%) be a Gaussian random variable.

volume €, the pragmatic entropy is

H

»(W) = E[-logp(W)] - log Q

_ ! log(2mec?) — log Q

T2
2
= %log (27760 ) prabits.

5 (248)
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This shows that the pragmatic entropy of a Gaus-
sian source decreases logarithmically with the average
isoteleic volume.

The definitions can be extended to multiple contin-
uous variables. Let (W, V) be a pair of continuous ran-
dom variables with joint density p(w, v), and let (W, V)
be their associated pragmatic variables, induced by a
joint isoteleia mapping with average isoteleic volume
Q
Definition 47 (Joint Pragmatic Entropy for Continuous

wy:*

Variables): The joint pragmatic entropy of (W, V) is de-

fined as
%ﬂ%@é—/ pOw,v) logp(w,v) dwdv —
WxV
log Q2,,,, (249)

where Q,,, is the average joint isoteleic volume.
Similarly, the conditional pragmatic entropy of V

given W is defined as

H,(VIW) £ —/ p(w,v)logp(viw) dwdv —

WxV

log Q,, (250)

where Q,, is the average isoteleic volume for V.
A.2  Pragmatic Mutual Information for Continuous
Variables

We now define the pragmatic mutual information
for continuous variables. As in the discrete case, there
are two variants: the up pragmatic mutual information
and the down pragmatic mutual information.
Definition 48 (Up Pragmatic Mutual Information for
Continuous Variables): Let (W, V) be a pair of contin-
uous random variables with joint density p(w,v). Let
W and V be their pragmatic counterparts, induced by a
joint isoteleia mapping with average isoteleic volumes
Q,, and Q,. The up pragmatic mutual information is

defined as

P(W;V) 2 HW) + H(V) - H,(W, V)

_ pw)p(v)
= /vap(w,v)log—p(w’v) dwdyv +

log(Q2,,Q,). (251)

Definition 49 (Down Pragmatic Mutual Information for
Continuous Variables): The down pragmatic mutual in-

formation is defined as

L,(W;Y) 2 H,(W) + H,(V) ~H(W,V)

= —/ p(w,v) log
WxV

log(Q,,Q,).

pw)p(v)

D, Y) dwdy —

(252)

Remark 18: The first term in both (251]) and (252) is
the classical mutual information I(W;V). The differ-
ence lies in the second term. If E[log(Q,,Q,)] > 0,
then the up pragmatic mutual information is greater than
or equal to the classical mutual information, while the
down pragmatic mutual information is less than or equal
to it. In practice, the down pragmatic mutual informa-
tion may be negative; in such cases, one can take its
positive part, (IP(E;Z)V.

The relationship between these measures is sum-
marized by the following hierarchy, which mirrors the
discrete case:

L,(W; V) <I(W; V) < IP(W; V). (253)

Example 7 (Gaussian Variables): Let (W, V) be jointly
Gaussian with correlation coefficient p and marginal

variances o2, and o2. The classical mutual information

. 1 C .
is (W, V) = —zlog(l — p?). Under a joint isoteleia
mapping with average volumes Q,, and Q ,, the up and

down pragmatic mutual informations are
1
P(W;V) = -5 log(l - p?) +10g(Q,,Q,), (254)

I,(:V) = —3 log(1 - p?) ~ log(Q,,2,). (255)

This demonstrates how pragmatic abstraction can either
enhance or reduce the measured information, depend-
ing on whether the coarsening is applied to the joint en-
tropy or to the marginal entropies.

This completes the extension of pragmatic entropy
and mutual information to continuous messages. In the
following subsections, we will apply these measures to
derive the pragmatic capacity of the Gaussian channel
and the pragmatic rate-distortion function for Gaussian
sources, along with their associated cost and value coun-
terparts.
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B. Pragmatic Capacity of Gaussian Channel and
Pragmatic Cost of Information
We now investigate the pragmatic capacity of the
additive white Gaussian noise (AWGN) channel and its
dual—the pragmatic cost of information. The received

signal at time k is modeled as

Yk = Xk + Zk’ (256)

with X, being the channel input, Z; ~ N (0, ¢2) i.i.d.
Gaussian noise, and Y, the output. The channel is sub-
ject to an average power constraint E[X?] < P.

Let X and Y be the pragmatic variables associated
with the input and output, respectively, induced by the
isoteleia mappings ey and ey (and their compositions
with the synonymous mappings) according to a given
utility function. The pragmatic channel capacity is de-
fined as the maximum achievable rate of pragmatic in-

formation transmission, i.e.,

C, = maxmax I”(X;Y),

P p(x) &xy (257)

where gyy = fxy ° exy is the joint reification mapping,
and IP(X;Y) = H(X) + H(Y) — H,(X,Y) is the up
pragmatic mutual information.

For the Gaussian channel, the input distribution
that maximizes the classical mutual information is X ~
N(0, P). Under the pragmatic framework, we assume
that the joint isoteleia mapping partitions the input-
output space such that the average isoteleic volumes
for X and Y are Q, and Q,, respectively. Without
loss of generality, we consider a symmetric case where
Q, = Q= Q, with Q > 1 being the average isoteleic
volume. This volume represents the average measure of
the set of signals that lead to the same optimal terminal
action.

Using the continuous version of the up pragmatic
mutual information derived in (R51]), we have

IP(X;Y) = 1(X;Y) + log(Q,Q,)

P 2
log(l + ?) + log(Q2*)

g (14 2).

Thus, the pragmatic capacity of the Gaussian chan-

—_ NI =

(258)

nel (per real dimension) is given by

C, = % log (Q4 (1 + %)) prabits per channel use.

(259)

By the capacity-cost duality established in Section
V1, the bilateral pragmatic cost of information is the in-
verse of the capacity function. From Eq. (259), solving
for P as a function of R yields:

22R
Col,(R) = o2 (— - 1) forR>0.  (260)

Q4
This represents the minimum transmit power required
to achieve a pragmatic rate R (in prabits per channel
use) over the AWGN channel.

For asymmetric systems where only one side is
coarsened, we have two additional cost measures, that
is, perceptual/expressive pragmatic cost of information.
For the perceptual path (observation Y carries informa-
tion about pragmatic action X), the prospective percep-
tual achievable rate from Section V-C is:

. 1 P
CyP(P) = zlog(l + ?) +log Q

_1 2 p

The inverse gives the perceptual pragmatic cost of in-

(261)

formation:

(262)

ColDP*(R) = o 2
OP =0 Oz .

This is the minimum sensing power required to extract
R prabits of pragmatic information from the observa-
tion, when the observation itself is not coarsened.

For the expressive path (pragmatic label Y conveys
information about source X), the prospective expressive
achievable rate is:

CyP(P) = %log(Qz (1 + %))

which is identical to the perceptual case under symme-
try. Thus,

(263)

C p-€xpr — 52 22R
OIp (R) =0 E -1]1. (264)

Remark 19 (Comparison of Col Measures): The three
Col measures satisfy the hierarchy:
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Col,(R) < Col,P**(R) = Col) ™™ (R),  (265)

since Q* > Q2 for Q > 1. This confirms the general
principle: bilateral pragmatic abstraction (coarsening
both sides) is more efficient than single-sided abstrac-
tion, requiring less power to achieve the same pragmatic
rate.

We now extend the result to the band-limited Gaus-
sian channel. Consider a Gaussian channel with band-
width B (Hz), two-sided power spectral density N /2,
and signal power constraint P. The classical Shannon

capacity for this channel is

P .
C = Blog (1 + m) bits per second.  (266)
By the Shannon-Nyquist sampling theorem, a
band-limited signal of duration T can be represented by
2BT independent samples per real dimension. The total
pragmatic capacity over the 2BT dimensions gives:

P
_ 4 :
C, =Blog (Q (1 + )) prabits per second.

NoB
(267)

The corresponding bilateral Col (power per sec-
ond) is:

IR/B
Col,(R) = NoB (F - 1) (watts). (268)

For the single-sided cases, the perceptual and ex-
pressive Col become:

ColPP(R) = ColP**™(R) = NyB 2% 1
o, ™ (R) = Col, ™ (R) = Ny oz )

(269)

Example 8 (Numerical comparison of pragmatic cost
measures): Let 02 = 1 for the discrete-time case, and
for the band-limited case set B = 1 Hz, N, = 1. Take
Q = 2. The table below compares the minimum re-
quired power (in units of o2 or watts) for various target
rates R (in prabits per channel use or prabits/s) under
bilateral and single-sided coarsening. Negative values
indicate that zero power suffices (the rate lies below the
Zero-power capacity).

For the discrete bilateral case, the zero-power ca-

o 1 .
pacity is C,,(0) = 3 log(16) = 2 prabits per channel
use, so any R < 2 requires zero power. For the discrete

perceptual path, C5P7(0) = %10g(4) = 1 prabit, thus
R = lisfreebut R = 2 costs 3 units. In the band-limited
case with B = 1, the bilateral zero-power capacity is
C,(0) = log(16) = 4 prabits/s, hence R = 3 is still
free; the perceptual zero-power capacity is log(4) = 2
prabits/s, so R = 2 is free and R = 3 requires 1 W.
These numerical results illustrate that bilateral abstrac-
tion (coarsening both source and observation) yields the
greatest power savings for a given pragmatic rate.
Remark 20: The pragmatic capacity and Col formulas
reveal that the isoteleic volume Q acts as a power ampli-
fication factor. In the band-limited case, Q* effectively
multiplies the signal-to-noise ratio, while Q2 multiplies
it for single-sided cases. This provides a clear design
guideline: to minimize transmit power for a given prag-
matic rate, one should exploit pragmatic abstraction on
both the source and the observation sides whenever pos-
sible.

C. Pragmatic Rate Distortion of Gaussian Source

and Pragmatic Value of Information

As a dual to the channel capacity problem, we now
investigate the pragmatic rate-distortion function for a
Gaussian source and its corresponding pragmatic value
of information. This function characterizes the mini-
mum rate required to represent a continuous source such
that the distortion, measured at the pragmatic level,
does not exceed a given threshold.

Consider a Gaussian source X ~ N(0,P) with
variance P. Let X be the reconstruction of X, and let
X and X be the corresponding pragmatic variables in-
duced by the isoteleia mappings ey and e (and their
compositions with synonymous mappings). The distor-
tion measure is defined at the pragmatic level as the
mean squared error between the optimal actions corre-
sponding to the source and its reconstruction:

2

dy(x,3) 2 (a*(x) - a*(3)°,

) (270)
where a*(x) is the optimal action for the pragmatic
class x. For the Gaussian source, we adopt the standard

mean squared error (MSE) distortion measure, which is
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TABLE IX: Col values for different scenarios and rates.

Scenario Col expression R=1 R=2 R=3
Discrete bilateral o2(22R/0Q4 1) -0.75 (0) 0(0) 3
Discrete perceptual/expressive 02(22R/02 — 1) 0 (0) 3 15
Band-limited bilateral NoB(2RIBQ* 1) ~0.875 (0) ~0.75 (0) ~0.5(0)
Band-limited perceptual/expressive NoBQRIB/Q? 1) -0.5(0) 0(0) 1

widely used and has a well-known rate-distortion char-
acterization. Specifically, we consider the distortion
constraint E [(X -X )2] < D, which, under appropriate
isoteleia mappings, translates to a pragmatic distortion
constraint.

The pragmatic rate-distortion function is defined

as

R,(D) £ min min Dlp(}_(;)_(), (271)

8x-8% p(2lx):Bld, (X.X)]<

whereI,(X;X) = H,(X)+H,,(X)-H(X,X) is the down
pragmatic mutual information.

For a Gaussian source with variance P, the classi-

cal rate-distortion function is R(D) = % log(P/D) for
0 < D < P. Under the pragmatic framework, the
isoteleia mapping groups signals that lead to the same
optimal action, effectively reducing the “volume” of the
source space that needs to be distinguished. Let Q, and
Q; be the average isoteleic volumes for the source and
reconstruction, respectively. Assuming symmetry, we
set Q. = Q; = Q,where Q > 1 is the average isoteleic
volume.

Using the continuous expression for the down
pragmatic mutual information derived in Eq. (252), we
have

I,(X:X) = 1(X; X) - log(Q,Q;)
1 P
S o LA 2
25 log<D) log(Q#)
1 P
= 3% (e @72
where the inequality follows from the fact that for any
test channel satisfying the MSE constraint E[(X —
X)2] < D, the classical mutual information satisfies
I1(X:X) > %1og(P/D). The equality is achieved when
the test channel is Gaussian and the isoteleia mapping is
optimal (i.e., partitions the space proportionally to the
probability mass of the pragmatic classes).

Thus, the pragmatic rate-distortion function for a

Gaussian source is given by

1 P P
708 ( i) 0<0< g
R,(D) = p (273)
0, D> —.
Q4

By the rate-distortion-value duality established in
Section V1, the bilateral pragmatic value of informa-
tion is the Legendre-Fenchel dual of the rate-distortion
function. For the Gaussian quadratic utility case, the
value-rate function ®,(R) is obtained by solving the
distortion-rate relationship.

From Eq. (273), the distortion as a function of rate
R is:

D,(R) = iz-m, 0<R< .

. (274)

For a quadratic utility U(X,A) = —(X — A)?, the maxi-

mum expected utility at rate R is:

P

- - -2R
$,(R) = -D,(R) = —§2 . (275)
The baseline utility (without information) is Uy = —P.

Therefore, the bilateral pragmatic value of information
is:
2—2R

VOIp (R) = F

p(R)—U():P(l—

) . (276)
This is the maximum utility gain achievable when both
the source and the reconstruction are coarsened prag-
matically.

For asymmetric systems, we have two single-sided
value measures corresponding to the perceptual and ex-
pressive rate-distortion functions from Section V-C .
Due to symmetry, these two cases yield identical ex-
pressions. For either side, the rate-distortion function

1S

: 1 P P
side - _ < <
R3%(D) = 5 log ( Q2D) . 0<D< 5, (7



9 1M

Niu Kai, et al: A mathematical theory of pragmatic information 75

TABLE X: Vol and distortion for Gaussian source with P = 1, Q = 2.

Scenario Measure R=0 R=1 R=2
Bilateral VoI, (R) 0.9375 0.984375 0.996094
11atera
D,(R) = P/Q*. 272k 1/16 = 0.0625 1/64 = 0.015625 1/256 = 0.003906
‘ VoIP™ ™" (R) 0.75 0.9375 0.984375
Perceptual / Expressive erclexpr
DI (RY = p/Q2 . 272R 1/4 =0.25 1/16 = 0.0625 1/64 = 0.015625

with corresponding distortion-rate function Df,ide (R) =
P

Q2

the perceptual and expressive paths is therefore

272R The pragmatic value of information for both

2—2R

o ) . Q78)

Volb™(R) = VoI;*(R) = P (1 -

We shall refer to either of these as the single-sided Vol.
Remark 21 (Comparison of Vol Measures): The three
Vol measures satisfy the hierarchy:

Vol'®™ (R) = VoI (R) < Vol,(R), (279)

since 1/Q2 > 1/Q% for Q > 1. This is consistent with
the general principle that bilateral pragmatic abstrac-
tion (coarsening both the source and the reconstruction)
yields higher utility gain for a given rate than single-
sided abstraction, because it discards more decision-
irrelevant information, allowing the same rate to be
used more efficiently for the task.

Example 9 (Numerical comparison of Vol and distor-
tion for Gaussian source): Let P = 1 and Q = 2. The
table below compares the pragmatic value of informa-
tion Vol(R) and the corresponding minimal distortion
D(R) for bilateral, perceptual, and expressive coarsen-
ing at selected rates R (in prabits). Recall that under
symmetry, perceptual and expressive values are identi-
cal.

AtR = 1, bilateral coarsening yields a Vol 0o 0.984
utils and distortion 0.0156, while single-sided coarsen-
ing gives 0.9375 utils and distortion 0.0625 —a four-
fold reduction in distortion for the same rate. Equiva-
lently, to achieve the single-sided distortion of 0.0625
with bilateral coarsening, only R = 0 is needed (since
D,(0) = 0.0625), saving 1 prabit. As R — oo, both
Vol approach 1 (perfect action reconstruction) and dis-
tortion tends to 0. The classical case Q = 1 is recov-
ered by setting Q = 1, which gives VoI(R) = 1 —272K
strictly smaller than any pragmatic Vol for finite R.

This example quantifies the benefit of coarsening

both ends: bilateral pragmatic compression achieves
lower distortion and higher utility gain than single-sided
compression at the same rate, highlighting the effi-
ciency of task-oriented abstraction.
Remark 22: The closed-form expressions for Col and
Vol derived above assume that the action space is con-
tinuous Euclidean, enabling the use of MSE as the dis-
tortion measure. For discrete action spaces (e.g., classi-
fication tasks), the corresponding Col and Vol functions
must be derived using discrete distortion measures such
as Hamming distance or utility loss, which generally
do not admit such simple closed forms. The general
methodology, however, remains the same: Col is the
inverse of the achievable rate functions, and Vol is the
Legendre-Fenchel dual of the rate-distortion functions,
both extending naturally to the single-sided cases via
the perceptual and expressive mutual informations.

The pragmatic cost of information and pragmatic
value of information for Gaussian channels and sources
complete the bilateral and single-sided duality spectrum
in the continuous domain, providing a comprehensive
framework for task-oriented communication system de-

sign with explicit resource-utility trade-offs.

XI. Joint Optimization of Pragmatic Informa-

tion System

In this section, we present the pragmatic source-
channel coding theorem, which extends the classical
separation principle to the pragmatic domain and estab-
lishes that reliable transmission is possible iff the prag-
matic entropy (or pragmatic rate-distortion function)
does not exceed the pragmatic channel capacity. This
condition is equivalent to the existence of a scheme that
achieves the full pragmatic Vol while keeping the prag-
matic Col within the resource budget, thereby bridg-
ing information-theoretic limits with decision-theoretic

objectives. We then formulate a unified optimization
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over communication rate, control law, and pragmatic
abstraction in closed-loop systems, and derive optimal-
ity conditions via the pragmatic Lagrangian for co-
designing communication and control under resource
constraints.
A. Pragmatic Source-Channel Coding

We now consider the joint source-channel coding
problem in the pragmatic domain, where the goal is to
transmit a syntactic source over a noisy channel such
that the receiver can recover the pragmatic intention
rather than the exact source symbols. This problem gen-
eralizes Shannon’s classical source-channel coding the-
orem by relaxing the requirement of exact symbol re-
construction and allowing errors that do not affect the
optimal action.

Consider a discrete memoryless syntactic source
W with alphabet W and probability mass function
P(W). Let W and W be the associated semantic and
pragmatic variables induced by the synonymous map-
ping f : W — 2" and the isoteleia mapping e
W - W, respectively, with the reification mapping
g=foe: W — 2W. The source generates an i.i.d.
sequence W" according to P(W") = ﬁ P(W,).

k=1

Let the channel be a discrete memoryless channel
with input alphabet X, output alphabet ¥, and transition
probability P(Y|X). The pragmatic channel capacity C,

is defined as in Section V-A : C, 2 maxmax I?(X;Y),
p(x) 8xy

where I” (X; Y) is the up pragmatic mutual information,
and gyy is the joint reification mapping.

Figure illustrates the block diagram of prag-
matic source-channel coding. At the transmitter side,
the syntactic source W" first passes through the reifica-
tion mapping g" = f"oe", which collapses semantically
equivalent syntactic symbols into pragmatic classes W"
representing the optimal terminal actions. These prag-
matic classes are then encoded into channel codewords
X" via a pragmatic channel encoder, which may exploit

the structure of the pragmatic equivalence classes to
achieve higher rates than classical coding. The code-
words are transmitted over the noisy channel, producing
the received sequence Y. Atthe receiver side, the prag-
matic channel decoder recovers an estimate of the prag-
matic index En from the channel output, ignoring syn-
tactic and semantic variations that do not affect the ter-
minal action. The demapping operation g~ then maps
the estimated pragmatic index to a representative syn-
tactic sequence W”, which is passed to the destination.
The entire system is evaluated by the error probability
PUY = Pr{g"(y,(Y")) # g"(W")}, i.e., the probabil-
ity that the recovered pragmatic intention differs from
the true one. This architecture embodies the separation
principle: the pragmatic source code (reification map-
ping) and the pragmatic channel code can be designed
independently while preserving asymptotic optimality.

A pragmatic source-channel code of block length
n consists of:

1) An encoding function ¢, : W" — X that
maps each source sequence to a channel input sequence,
possibly exploiting the reification mapping g” to first
map the source to its pragmatic class;

2) A decoding function v, : ¥ - W" that maps
each channel output to an estimated source sequence (or
directly to an estimated pragmatic index), followed by
demapping g~ to recover the pragmatic intention.

The error probability is defined as the probability
that the decoded pragmatic intention differs from the

true pragmatic intention:
P 2 Pr{g"(y,(Y") # g (W").

We now state the fundamental theorem of prag-

(280)

matic source-channel coding.

Theorem 46 (Pragmatic Source-Channel Coding Theo-
rem): Let W be a discrete memoryless syntactic source
with associated pragmatic variable W having pragmatic
entropy H,, (W), and let p(ylx) be a discrete memoryless
channel with pragmatic capacity C,,.

w" w" X"

Encoder

Channel
¢ D ( y ‘x) 14

n rrn W"
Y Decoder /4 e"of—>

Fig. 16: Block diagram of pragmatic source channel coding.
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1) Lossless Case: If H,(W) < C,, then for any
e > 0, there exists, for sufficiently large n, a sequence
of pragmatic source-channel codes with error probabil-
ity P{" < ¢. On the contrary, if H,(W) > C,, then for
any sequence of pragmatic source-channel codes, the
error probability is bounded away from zero for suffi-
ciently large n.

2) Lossy Case: For a given pragmatic distor-
tion measure d,(w, w) and distortion constraint D, if
R, (D) < C,, then there exists a sequence of pragmatic
source-channel codes such that E[d, (W, @)] < D. On
the contrary, if R,(D) > C,, then no such sequence
exists.

Proof. We outline the proof following the standard sep-
aration principle, adapted to the pragmatic domain.

Achievability: Assume H,(W) < C,. Choose
¢ > Osuchthat H,(W) + ¢ < C, — €. By the pragmatic
lossless source coding theorem (Theorem B7), there ex-
ists a pragmatic source code that maps the source se-
quences to pragmatic indices at rate Ry < H,(W) + ¢
with error probability less than ¢ /2. By the pragmatic
channel coding theorem (Theorem 1)), since R, < C D>
there exists a pragmatic channel code that transmits
these indices over the channel with error probability less
than ¢/2. By the union bound, the overall error proba-
bility is less than €. The decoder first recovers the prag-
matic index from the channel output, then outputs a rep-
resentative syntactic sequence from the corresponding
reified typical set.

Converse: Suppose a sequence of codes exists
with P — 0. Following the standard Fano’s inequal-

ity argument adapted to the pragmatic domain, we have

LW Y") + 6,

S|

H,(W) <

(W (281)

where 5, - 0 as P - 0. By the definition of prag-
matic channel capacity and the data processing inequal-

ity,

Liwym <, (282)

P

Thus, H,(W) < C,, which contradicts H,(W) > C,.
The proof for the lossy case follows analogously using
the pragmatic rate-distortion function R, (D). O

The pragmatic source-channel coding theorem has
a direct interpretation in terms of the pragmatic value
of information (Vol) and pragmatic cost of information
(Col) established in Section [V1.

The condition H,(W) < C, (orR,(D) < Cp) can
be equivalently stated as the existence of a rate R such
that:

Vol,(R) = VoI,* and  Col,(R) < Py, (283)

where VoI* is the maximum achievable pragmatic
value (the utility gain obtained when all pragmatic dis-
tinctions are preserved), and P,,,, is the available phys-
ical resource budget (e.g., maximum transmit power).
This follows from the monotonicity of Vol and Col:

¢ The pragmatic value of information Vol,(R) is
non-decreasing in R and saturates at its maximum
when R > H,(W) (for lossless transmission) or
R > R, (D) (for lossy transmission).

* The pragmatic cost of information Col,, (R) is non-
decreasing and convex in R, representing the mini-
mum resource required to achieve rate R.
Therefore, the achievability condition H,(W) <

C, guarantees that there exists a rate R such that:

Vo, (R) = VoI, and  Col,,(R) < Py (284)

Conversely, if H (W) > C,, then even at the maximum
achievable rate C,,, the system cannot transmit enough
information to preserve all pragmatic distinctions, re-

sulting in a loss of pragmatic value:

Vol,(C,) < VoI;*. (285)

This gap represents the pragmatic value loss due to the
channel bottleneck.

Corollary 9 (Pragmatic Value-Cost Characterization):
A pragmatic communication system achieves the full
pragmatic value of information if and only if the trans-

mission rate R satisfies:

R > H,(W) (lossless) or R2>R,(D) (lossy),

(286)
and the available physical resources Py, satisfy:

Col,,(R) < Pyay- (287)
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Remark 23: The pragmatic source-channel coding the-
orem provides a rigorous theoretical foundation for
task-oriented communication. Unlike classical source-
channel coding, which requires the syntactic entropy
H(W) to be less than the syntactic channel capac-
ity C, the pragmatic version relaxes this condition to
H,(W) < C,. Since H,(W) <H(W) and C, > C, the
pragmatic condition is strictly weaker than the classi-
cal one. This explains the performance gains observed
in semantic and pragmatic communication systems: by
tolerating syntactic and semantic errors that do not af-
fect the optimal action, the system can operate reliably
in regimes where classical communication would fail.
Example 10 (Autonomous Driving Revisited): Con-
sider the two-vehicle autonomous driving scenario from
Sections 111 and 1V, where the syntactic source has en-
tropy H(W) =~ 1.9893 bits per symbol, while the prag-
matic entropy is H,(W) =~ 0.9928 prabits per sym-
bol. Suppose the communication channel has syntac-
tic capacity C = 1.5 bits per channel use. Classi-
cal source-channel coding would fail because H(W) >
C. However, if the pragmatic capacity C,, > 0.9928
(which holds for any channel with C,, > C), the prag-
matic source-channel coding theorem guarantees reli-
able transmission of the optimal action (Go/Stop) even
though the exact traffic light symbols cannot be reliably
transmitted. This demonstrates the power of pragmatic
abstraction in overcoming physical communication bot-
tlenecks.

A.1  Separation Principle and the Imperative of Joint

Optimization

The pragmatic source-channel coding theorem
(Theorem [4) is proved via a separation architecture,
which builds on two independent results:

1) The pragmatic lossless source coding theorem
(Section [VII) guarantees that the pragmatic source can
be compressed to rate H,(W) (or R, (D) in the lossy
case) without losing any pragmatically relevant infor-
mation.

2) The pragmatic channel coding theorem (Sec-
tion [VIII) guarantees that any rate up to C » can be reli-
ably transmitted over the noisy channel.

Concatenating the pragmatic source code and the prag-
matic channel code yields an end-to-end system that
achieves reliable pragmatic transmission if and only if
the source rate does not exceed the channel capacity,
ie.,

H,(W) < C

»  (lossless) or R,(D) <C, (lossy).

This constitutes the pragmatic separation principle—
the asymptotic bedrock of the theory.

In the classical information-theoretic setting where
the blocklength n tends to infinity and no constraints
are imposed on encoding/decoding complexity, the sep-
aration principle is strictly optimal. It allows the sys-
tem designer to optimize the pragmatic source code
(e.g., feature extraction, action classification) and the
pragmatic channel code (e.g., modulation, error correc-
tion) independently, while guaranteeing that the con-
catenated system achieves the fundamental limit. This
modularity is a direct consequence of the asymptotic
equipartition property and the joint typicality arguments
used in the proofs, and it is fully consistent with the
backward-compatibility requirement of Principle III in
Section [.

The optimality of separation, however, is an
asymptotic statement. In practical systems, where the
blocklength n is finite, or when the encoder and de-
coder are subject to computational complexity, delay,
or memory constraints, the separation architecture is
strictly suboptimal with respect to the end-to-end task
utility. In such regimes, the optimal code cannot be fac-
tored into independent source and channel components;
instead, the encoder must jointly consider the source
statistics, the channel characteristics, and the decision
utility to minimize the overall distortion or maximize
the expected reward. This fundamental gap between
asymptotic theory and engineering reality is precisely
the motivation for the joint optimization framework that
follows.

This observation directly justifies the “joint opti-
mization” framework developed in Section [V]. While
the separation principle identifies the ultimate per-
formance bounds (capacities and rate-distortion func-

tions), the optimal allocation of finite resources—such
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as transmit power, latency, bandwidth, or model size—
requires solving the coupled Lagrangian:

Lolobal (R; 2) = @, (R) — 2 Col,(R),

where the same rate R simultaneously determines the
coarsening level of the isoteleia mapping (source-side
abstraction) and the error-protection strength (channel-
side coding). The cross-layer coupling therefore does
not lie in the code structure, which can be sepa-
rated asymptotically, but in the rate-resource trade-
off, which must be jointly optimized to maximize the
net benefit. Thus, the separation principle provides
the theoretical bedrock, while the Lagrangian frame-
work delivers the practical tool for engineering finite-
dimensional, resource-constrained systems.

Remark 24: The pragmatic separation principle gener-
alizes both the classical separation theorem (when the
isoteleia and synonymous mappings are trivial) and the
semantic separation theorem (when only the synony-
mous mapping is non-trivial). It unifies all previous re-
sults as special cases and offers new insights into the de-
sign of task-oriented communication systems, while the
accompanying joint optimization framework addresses
the real-world constraints that lie beyond the asymptotic
ideal.

A.2  Gaussian Source over Gaussian Channel

To illustrate the joint optimization framework in
a concrete setting, we now specialize to the canonical
case of a Gaussian source transmitted over an additive
white Gaussian noise (AWGN) channel. This exam-
ple demonstrates how the pragmatic cost of information
(Col) and pragmatic value of information (Vol) jointly
determine the optimal operating point of a task-oriented
communication system.

Consider a Gaussian source X ~ N (0,P) with
variance P, transmitted over an AWGN channel with
noise variance o2 and power constraint E[|X]?] < Py.
The channel outputis ¥ = X + Z, where Z ~ NV (0, 02).
Let the isoteleic volume be Q > 1, representing the
pragmatic abstraction that groups signals leading to the
same optimal action.

From Sections B and [d, we have the following
closed-form expressions for the continuous Gaussian

case:
* Pragmatic channel capacity (per real dimen-
sion):
1 P
C,)(Py) = §1og(94 (1 + G—g‘))

prabits per channel use. (288)

« Bilateral pragmatic cost of information (inverse
of capacity):

2R

2
Col,(R) = 02 (@ - 1) forR>0. (289)

* Pragmatic rate-distortion function:

P
Q4D
* Bilateral pragmatic value of information (for

quadratic utility U(X,A) = —(X — A)?):

P
_4.

!
RP(D)zilog( ) 0<D< o7 (290)

2—2R

Vol,(R) =P(1 _F) (291)

The pragmatic source-channel coding theorem
(Theorem [6) states that reliable transmission of prag-

matic information is possible if and only if
R,(D) < C,(Py). (292)

Substituting the closed-form expressions from
(289) and (290), the feasibility condition becomes

1 P 1 4 P,
zlog(—Q4D> < Elog(Q (1 + ?))

Simplifying, we obtain the equivalent condition:

(293)

P

D> W. (294)

Here the factor Q8 results from the product of the prag-

matic gains at both ends: the source—reconstruction

pair contributes Q* through the rate—distortion func-

tion, and the input—output pair contributes another Q*

through the channel capacity, under the assumption of

equal isoteleic volumes for both the source and the chan-
nel.

This inequality reveals the fundamental trade-off:

for a given transmit power P, and pragmatic abstrac-

tion Q, the minimum achievable pragmatic distortion

is
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Dpin (Py) = S (295) VoI™(P,) =P |1 - ! - _PPu
min £ tx 038 (1 +Ptx/”2) tx 1 +Ptx/02 Ptx + 02’
(302)

Equivalently, for a target distortion D, the mini-
mum required transmit power is

PR (D) = o2 (L - 1). (296)

Q8D

The joint feasibility condition can also be ex-
pressed directly in terms of Vol and Col. Recall that
the full pragmatic value VoI,
R > R, (D) (i.e., the rate is sufficient to meet the distor-
tion requirement). The required rate to achieve a given

Vol level is obtained by inverting (291)):

= P is achieved when

RVOI(V):%log( 0< V<P

The system achieves the target Vol V if and only
if the available power satisfies

Col,, (Ryo1 (V) < Py (298)

Substituting the Col expression (289), this be-
comes

o

2Ry (V)
2 (2— (299)

Since 228va (V) = 1/(Q*(1 — V/P)), we obtain

- 1) < Py (300)

2 ( 1
o’ —
Q8(1-V/P)
Solving for V, the maximum achievable pragmatic

value for a given transmit power is

1

vol'*p.)=P|1- ———M
o (P ( Q8(1 + Py /o?)

) . (301

This expression directly quantifies the value-cost
trade-off . the utility gain increases with transmit power
but saturates at P as P,, - oo. The pragmatic abstrac-
tion Q amplifies the effective signal-to-noise ratio, re-
ducing the power required to achieve a given utility
level. For example, when Q = 1 (no pragmatic abstrac-
tion), (B01)) reduces to the classical value-cost relation-
ship:

which is the well-known SNR-dependent utility gain for
a Gaussian channel with quadratic utility.

Example 11: Let P = 1, 6> = 1, and consider three
values of the isoteleic volume: Q = 1 (classical), Q =
1.5, and Q = 2. For a target Vol of V = 0.9 (i.e., 90%
of the maximum utility), the required transmit powers
are:

Q:l:Ptx=02<m—l>

1 .
=01 1 = 9 (units), (303)
Q=15:P, = 1 1
T RTS8 01
SR S
~25.63-0.1
~ — 0.61(zero power suffices), (304)
1 1
Q=2:Pu= o1 =256 !

~ — 0.96 (zero power suffices). (305)

With Q = 1.5, the pragmatic abstraction alone
(Py = 0) already achieves Vol = P(1 — 1/Q8) =
1 - (2/3)% = 0.961, exceeding the target 0.9. This
demonstrates that pragmatic abstraction can dramati-
cally reduce or eliminate the need for transmit power
in task-oriented communication.

For asymmetric systems where only one side is
coarsened, the perceptual and expressive Col/Vol func-
tions from Section VI-D yield analogous joint feasibil-
ity conditions. For the perceptual path, the achievable
Vol under power constraint is

1

V Iperc, max P — P 1 s
o ) DA+ Pyfo)

) , (306)
which is strictly less than the bilateral case (301]) for any
finite Q > 1 and Py, since the effective SNR amplifi-
cation is Q% rather than Q8. This quantifies the perfor-
mance loss when only the source or only the reconstruc-
tion is coarsened, confirming the benefits of coarsening

both sides of the communication link.
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Remark 25: The Gaussian example illustrates the full
power of the pragmatic information-theoretic frame-
work: it provides a unified, analytically tractable
model for jointly optimizing communication resources
(power), decision performance (distortion/utility), and
pragmatic abstraction (isoteleic volume). The closed-
form expressions reveal the precise quantitative rela-
tionships among these quantities, enabling system de-
signers to make principled trade-offs in task-oriented
communication system design.
B. Communication-Control-Decision Joint Opti-
mization

We now extend the Lagrangian dual framework
from the static source-channel coding setting to the
general closed-loop system where communication, con-
trol, and decision-making are jointly optimized. In
many practical systems—such as autonomous vehicles,
robotic control, and industrial automation—the commu-
nication rate, control policy, and pragmatic abstraction
must be co-designed to maximize the overall task per-
formance under resource constraints. We present two
formal theorems that characterize the optimal trade-offs
in both static (single-step) and dynamic (multi-step) set-
tings, with explicit optimality conditions that bridge
information-theoretic limits and decision-theoretic ob-
jectives.
B.1 Static Joint Optimization: Lagrangian Approach

and Single-Sided Extensions

We first consider a single-step decision problem
where the system observes a state S € S, takes an ac-
tionA € A, and receives a utility U(S,A). The observa-
tion is obtained through a communication channel that
conveys a pragmatic message Y about the state, with a
rate R that determines the quality of the pragmatic in-
formation. The receiver chooses a policy 77 : ¥ - A
that maps the pragmatic observation to an action. The
joint optimization problem is to maximize the expected
utility subject to a communication cost constraint.
Theorem 47 (Static Joint Optimization): For a single-
step decision problem with state S, action A, and utility
U(S,A), let the pragmatic observation Y be obtained at
rate R satisfying 7,,(S; ¥Y) < R, and let the communica-

tion cost be given by the pragmatic cost of information

Col,, (R). The Lagrangian relaxation of the constrained

utility maximization problem

ma subject to
ar, P(

x Esy[U(S.7(1))]

Col,,(R) < Pryax (307)

yields the global pragmatic Lagrangian

Lalobal (7, R; 1) = Eg y[U(S, 7 (Y))] = 2 Col,(R),
(308)

where 1 > 0 is the Lagrange multiplier (shadow price
of communication resources). The optimal policy s*
and optimal rate R* satisfy the following necessary and

sufficient conditions:

m*(Y) = argmax Egy [U(S,a)], (309)

/ J
2 Col, (R*) = =5 Bs y[US, 7*(¥))],  (310)

where the derivative in (810) is understood in the sense
of marginal utility gain with respect to the rate. More-
over, the value of the Lagrangian at the optimum equals
the maximum net benefit, that is behavioral capacity:

max Lo (7. R: 1) = max (s y[U(S.a* (1))~

A Col,(R)}, (311)

with a*(Y) = arg max IES|X[U(S,a)].

Sketch of Proof. The Lagrangian is concave in s and
R under mild regularity conditions (e.g., U bounded,
Col,, convex). The first-order conditions follow from
the concavity and the fact that the optimal policy is the
Bayes decision rule. The marginal utility gain in (310)
is obtained by differentiating the optimal value with re-
spect to R, which equals the rate of improvement of
the expected utility when the constraint on mutual in-
formation is relaxed. The global optimum is achieved
when the marginal benefit of increasing the rate equals
its marginal cost, scaled by the shadow price. O
Corollary 10 (Single-Sided Lagrangian Extensions):
For asymmetric systems where only one side of the com-
munication link is coarsened, the corresponding single-
sided Lagrangians are obtained by substituting the ap-
propriate Col functions:
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* Perceptual pragmatic Lagrangian:
Lo RI2) = Egy[US,7(X)] -
A COI}Zerc (R), where COI}Zerc (R) is the percep-
tual cost (sensing power for rate R).
* Expressive pragmatic Lagrangian:
Lexpr (7, R; 1) = EgylUS, 7 (X)) -
A CoI;Xp "(R), where CoI;Xpr(R) is the expres-
sive cost (transmit power for rate R).
The optimality conditions for each case are identical to
(B09) and (B10)) with the corresponding Col function.
Example 12 (Linear Quadratic Gaussian (LQG) with
Perceptual Cost): Consider a scalar state S ~
N (0, cr%), quadratic utility U(S,A) = —(S — A)2, and
perceptual cost Colgerc(R) = 02(22R/Q2 - 1) with
isoteleic volume Q. The Lagrangian Lo (P 4) =
—~02/(1 + Q2P /0?) — APy yields the optimal power

2
Pt"xzmax{az( \/U—S —1),0}.

(312)

QVa

This closed-form solution illustrates the trade-off be-
tween control performance and communication cost:
the optimal power decreases as the shadow price A in-
creases, and the pragmatic abstraction Q amplifies the
effective signal-to-noise ratio.

Example 13 (Gaussian Source over Gaussian Chan-
nel: Closed-Form Bilateral Pragmatic Lagrangian):
We now instantiate Theorem 47 for the canonical case
of a Gaussian source transmitted over an AWGN chan-
nel, where both the source and the observation are coars-
ened pragmatically (bilateral abstraction). This pro-
vides a closed-form verification of the static joint op-
timization conditions.

Let the state (source) be X ~ NV (0, P) and the prag-
matic observation be Y obtained through an AWGN
channel with noise variance ¢ and transmit power P,,.
The isoteleic volume ©Q > 1 captures the pragmatic
equivalence. From Section XI-A.2 , the bilateral prag-

matic value and cost functions are (cf. (291)) and (289)):

2—2R
<I>p(R)=P(1—F), (313)
22R
Col,(R) =02(@—1), (314)

where R is the pragmatic rate (prabits per channel
use). Substituting into the global Lagrangian of The-
orem {7 (after maximizing over the policy s, which
yields @, (R)), we obtain the explicit Lagrangian:

£(R) = ®,(R) — 2 Col,(R)
-2R 2R
=P(1—2 )—,102(2——1). (315)

Equivalently, symmetrically:

1
L(R) = (P+ Ao?) - yors (P-272R 4 j02 . 22R).
(316)

Figure [17 illustrates the global Lagrangian struc-
ture. Subfigure (a) shows the pragmatic value, the
weighted cost, and the resulting net benefit, with the
optimal rate R* marked where marginal value equals
marginal cost. Subfigure (b) demonstrates that increas-
ing Q uniformly shifts the net benefit curve upward
while leaving R* unchanged, confirming that pragmatic
abstraction amplifies the effective signal-to-noise ratio
without altering the optimal communication rate.

Applying the first-order optimality condition from
Theorem |7 (£’ (R*) = 0):

L 2In2 . x
= IR (PaF g2 k) —0, (1Y)
we obtain the optimal rate:
1 P "
R* = 7 log, (W) , (318)

where (x)* = max{x, 0} ensures non-negativity. The

maximized Lagrangian (net benefit) is then:

2VPLg?

* _ *) _ 2
L= L(R*) =P+ Ao~ — 0

(319)

provided P > 102; otherwise R* = 0 and £* = 0 (the
system opts not to communicate).

This maximized net benefit is precisely the behav-
ioral capacity £, (1) defined in Definition R4. Substitut-
ing 1 = (P/02)27*k" into (819) yields the behavioral
capacity as a function of the optimal rate:

2. 272R*

((:p(R*) =P<1+2_4R*— o

), R >0,

(320)
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Fig. 17: Global pragmatic Lagrangian and the effect of pragmatic abstraction.

Equations (B19) and (B20) explicitly characterize the be-
havioral capacity in terms of the shadow price and the
optimal communication rate, respectively.

Figure [1§ further characterizes the behavioral ca-
pacity. Subfigure (a) shows how the capacity increases
with the invested communication rate, with diminishing
returns and saturation at the perfect-information utility
P. A larger Q shifts the curve upward, indicating that

I8}
T
I

Behavioral capacity &,

0.8 1
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—0=15

—_0=20

0 L L L L I

0 0.5 1 1.5 2 2.5 3

Optimal pragmatic rate R* (prabits/channel use)

(a) Behavioral capacity &£, vs. optimal pragmatic rate R*. Larger Q

yields higher capacity, saturating at P. Parameters: P = 1, 62 = 1.

the same rate yields higher net utility under stronger
pragmatic abstraction. Subfigure (b) reveals the decay
of capacity as resources become more expensive; the
zero-capacity threshold marks the point where commu-
nication ceases. Larger Q flattens the decline, demon-
strating that abstraction provides robustness against ris-
ing resource costs.

This closed-form solution explicitly confirms the

[

Behavioral capacity &,
s
% -

=
=N

'S

=
¥

0 I I I I I N
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Shadow price A (utility per unit resource)

(b) Behavioral capacity £, vs. shadow price A. Capacity decreases with 4
and vanishes at 2 = P/o2. Larger Q reduces sensitivity. Parameters: P = 1,

0% =1.

Fig. 18: Behavioral capacity as a function of optimal rate and resource shadow price.
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two optimality conditions of Theorem §7:

1) The optimal policy 7* is the Bayes decision
rule (implicit in the definition of ®,(R));

2) The marginal value equals the marginal cost:
tI)[; (R*) = A CoII’, (R*), which is precisely the balance
expressed in (317).

Moreover, the expression (B19) reveals the four-
way trade-off among source power P, channel noise o2,
resource shadow price A, and pragmatic abstraction Q.
When Q = 1, it recovers the classical Gaussian bench-
mark; when Q > 1, the effective SNR is amplified by
Q* on both sides, drastically reducing the power needed
to achieve a given net benefit.

B.2  Dynamic Joint Optimization: Sequential Deci-
sion Making

In dynamic systems, the state evolves over
time according to a controlled Markov process, and
the decision-maker must balance immediate rewards
against future consequences. The system is modeled
as a Partially Observable Markov Decision Process
(POMDP) with communication constraints. At each
time step #, the system state S, evolves as S,,; ~
P(-1S,,A,), and the decision-maker receives a pragmatic
observation Y, about S, at a rate R, that incurs a cost
Col,(R;). The goal is to find a policy 7 = {m,},50
mapping the history of pragmatic observations to ac-
tions, maximizing the expected discounted sum of util-
ities subject to a total communication resource budget.
Theorem 48 (Dynamic Joint Optimization for
POMDP): For an infinite-horizon discounted POMDP
with state space &, action space .4, observation space
Y, transition kernel P(s’|s,a), observation kernel
P(yls’,R) (where the communication rate R affects the
observation quality), utility U(s,a), discount factor
y € (0, 1), and pragmatic communication cost Col,,(R)
per step, the Lagrangian relaxation of the constrained

expected discounted utility maximization

/ .
]?’1(23[;} E [;) y U(S,,At)} subject to

Y 7'Col,(R,) < Ciopal (321)
=0

yields the dynamic pragmatic Lagrangian

o0

Ly (AR} 2) = ]E[Z 7 (U(S,A,) —
t=0

A Col,,(R,)) ] (322)

where 24 > 0 is the Lagrange multiplier for the total
resource constraint.

Let b € A(S) denote the belief state (the posterior
distribution over the state given the history of actions
and observations). The optimal policy and rate schedule
satisfy the Bellman equation [3 in belief-state form:

V(b) = H}eag%) { Z b(s)U(s,a) — A Col,(R) +
Y b(s)P(s"Is,a)P(yls’,R) V(b;)}, (323)
5,87,y

where b; is the updated belief state after observing y

(and taking action a with rate R):

by = SOBLR B Pl a)b(s)

= . 324
2 POIS,R) X P(Sls,a)b(s) (324)

The optimal action a* and optimal rate R* at belief
b are characterized by the following first-order condi-

tions:

a* = argmgx{z b U(s,a) +

7 Y b(s) Y P(s'ls.a)-

; P(yls’,R*) V(b;)}, (325)
lCoII',(R*) = %(y Z b(s) ZP(S'Is,a*)'

Y POSRVE) (326

y R=R*

where b}, is given by (B24)) and depends on a* and R.
The derivative in (B26) accounts for the improvement
in future value due to better state estimation (sharper
belief) resulting from a higher rate R.

Sketch of Proof. The proof follows from the principle
of optimality applied to the belief-state MDP, which
is equivalent to the original POMDP. Before apply-
ing the Bellman equation, we first establish its well-
definedness. Define the Bellman operator 7 on the

space of bounded continuous functions on A (8§) by
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(TV)(b) 2 fllg){z b(s)U(s,a) — 4 Col,,(R) +

y Z b(s)P(s'|s,a)P(yls’,R) V(b;)}.

7
$,87,Y

For any two bounded functions Vy, V, and any belief b,
the transition kernels sum to 1, which gives

(TV1)(b) = (TV)(b)]

<ysup ) b()P(s'ls,a)P(yls’, R) [V (b)) = V(b))

aR Ty

<71V = Vil

Taking the supremum over b yields |[TV; — TV,| <
7V = Vsll. Since y < 1, T is a contraction. By the
Banach fixed-point theorem, there exists a unique fixed
point V* in the space of bounded continuous functions,
ensuring that the belief-state Bellman equation (323) is
well-defined. The dynamic isoteleia mapping ey de-
fined through V* is then uniquely determined and re-
covers the static mapping e when y = 0.

With this established, the augmented reward pro-
cessU(S,,A,;)— lCoIp (R;) leads to the belief-state Bell-
man equation (323), where the expectation over the next
belief accounts for both state transition and observation
likelihood. The optimality conditions (B23) and (B26)
are obtained by differentiating the right-hand side of
(B23) with respect to a and R, respectively, under suit-
able regularity conditions (e.g., concavity of the value
function and convexity of Col,,). The coupling between
action and rate appears through the belief update, as
both influence the future belief distribution. O

To avoid a conceptual gap between the static hi-
erarchical framework (Section [IHX]) and the dynamic
POMDP formulation, we emphasize that the pragmatic
variable § appearing in the Bellman equation (B24) is
induced by the dynamic isoteleia mapping ey, defined
in Definition B. The resulting pragmatic equivalence
classes are therefore functions of the future value func-
tion V. In the steady-state case, ey, collapses to the static
mapping e used in the coding theorems, ensuring that
the hierarchical entropy inequalities remain valid as lim-
iting bounds.

Remark 26 (Interpretation and Design Insights): The

dynamic Lagrangian framework provides several key
insights for system design:

1) Adaptive Resource Allocation: The optimal
rate R* varies with the belief state, allocating more re-
sources when the belief is diffuse (high uncertainty) or
when future rewards are particularly sensitive to esti-
mation accuracy. This yields a value-of-information-
guided scheduling policy.

2) Belief-Dependent Optimization: Unlike the
original erroneous formulation, the correct belief-state
Bellman equation explicitly incorporates the observa-
tion model and the impact of R on the quality of fu-
ture beliefs. The action and rate decisions are coupled
through the belief update, reflecting the inherent trade-
off between control and sensing/communication.

3) Connection to Col and Vol: The term

2Col, (R) represents the instantaneous communication
cost, while the future value V(b;) encodes the long-
term utility gain from improved state information. The
optimal policy balances immediate and future value,
mirroring the economic principle of marginal benefit
equals marginal cost.
Example 14 (Linear Quadratic Gaussian (LQG) with
Linear Communication Cost): Consider a scalar linear
system S,,, = aS, + bA, + W, with W, ~ N(0,02),
quadratic utility U(S,,A,) = —¢S? — rA?, and commu-
nication cost Col,,(R;) = cR, (linear in rate). Assume
Gaussian observations with precision proportional to
R,ie,Y, =S, +2Z,2Z ~ N(0,0%/R,). The belief
state is Gaussian, characterized by its mean and vari-
ance. The optimal control law remains linear in the es-
timated state (separation principle holds for LQG with
quadratic cost and Gaussian noise). The optimal rate R*
is constant over time when the system is stationary, and
can be found by solving a Riccati equation augmented
with the rate penalty. The steady-state rate decreases
with the shadow price 1 and depends on the system dy-
namics through the controllability and observability pa-
rameters. This example demonstrates how the dynamic
Lagrangian framework provides a tractable method for
co-designing communication and control in practical
systems.

The dynamic joint optimization framework com-
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pletes the pragmatic information-theoretic spectrum,
providing a unified mathematical tool for designing
task-oriented communication and control systems that
optimally trade off information value, physical resource
consumption, and long-term performance.

XII. Conclusions

A. Summary of Contributions

We have established a mathematical theory of
pragmatic information that connects communication,
control, and decision-making within a coherent frame-
work. The theory is built upon the isoteleia mapping
e: W - 2" which formalizes equifinality—the prin-
ciple that distinct semantic paths converging to the same
optimal action are pragmatically equivalent. This in-
duces a three-tier hierarchy of syntactic, semantic, and
pragmatic information, with each successive abstrac-
tion discarding task-irrelevant distinctions.

The main contributions are threefold.  First,
we have developed a complete set of information-
theoretic measures at the pragmatic level—entropy
H,(W), up/down mutual information /7(X;Y) and
1,(X; Y), channel capacity C),, and rate-distortion func-
tion R, (D)—and established the fundamental hierar-
chies H, < Hy < H, Cp > C, > C, and R, <
R, < R. Second, we have introduced pragmatic value
of information (Vol) and pragmatic cost of information
(Col) as decision-theoretic and economic duals to rate-
distortion and capacity, respectively, and formulated a
Lagrangian dual framework for cross-layer optimiza-
tion. The pragmatic efficiency functional &,(1) =
s%p[fb p(R) — 2 Col,(R)] defines a behavioral capacity

for resource-constrained intelligent systems under the
stated assumptions. Third, we have proved three cod-
ing theorems—Ilossless source coding, channel coding,
and rate-distortion coding—that generalize Shannon’s
classical results and their semantic counterparts. We
have further extended the framework to continuous mes-
sages, deriving closed-form Gaussian expressions, and
formulated joint optimization of communication, con-
trol, and decision-making in both static and dynamic
settings.

B. Engineering Implications and Deployment Path-
ways

The pragmatic information theory developed in
this paper may have implications for a range of engi-
neering disciplines and applications. By shifting the fo-
cus from symbol fidelity to the effectiveness of infor-
mation in guiding actions, the framework offers a math-
ematical language for task-oriented communication,
networked control, autonomous systems, and embod-
ied Al, and suggests conceptual directions for human-
machine interaction and social-cognitive systems. The
Value of Information (Vol) and Cost of Information
(Col) offer a unified economic and decision-theoretic
basis for resource allocation, enabling system designers
to balance utility gains against physical resource con-
sumption. The Lagrangian dual framework provides a
principled approach for cross-layer optimization, bridg-
ing the gap between information-theoretic limits and en-
gineering practice. The framework also offers new per-
spectives on emerging challenges such as semantic com-
munication, edge Al, intelligent transportation, and hu-
man learning, where information must be evaluated by
its effectiveness in achieving goals rather than its syn-
tactic accuracy.

Looking toward engineering practice, a critical
path for deploying the proposed theory lies in the re-
alization of the isoteleia mapping—the core mathemati-
cal object that groups semantically distinct signals into
pragmatically equivalent action classes. In real-world
scenarios where the utility function U is not explicitly
specified, the isoteleia mapping can be acquired implic-
itly through large-scale data-driven learning. Specifi-
cally, deep neural networks can serve as universal ap-
proximators of the optimal action function, effectively
inducing the equivalence relation from data without re-
quiring an analytic utility model. This paradigm aligns
naturally with inverse reinforcement learning and re-
inforcement learning from human feedback (RLHF),
where the network learns to map high-dimensional ob-
servations (semantic inputs) to optimal action classes
(pragmatic outputs) by minimizing task-oriented loss
functions.

Furthermore, in practical deployment, the isoteleia
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mapping should not be a fixed, static structure. It
must adapt dynamically to changing environmental con-
texts and evolving task objectives. For instance, in au-
tonomous driving, the mapping from a visual scene to
the action “brake” may depend critically on the current
speed, road condition, and surrounding traffic. This
context-dependent behavior suggests an extension of
the isoteleia mapping to a conditional form depending
on the contextual state or scene encoding. In terms of
neural implementation, this can be achieved through
context-gating mechanisms or conditional neural net-
works that modulate the mapping based on the current
environment.

Equally important is the principle of determinism
in decision-making. For safety-critical systems, the
mapping from observation to action should be determin-
istic: a given input must produce a unique, consistent
output. This ensures reproducibility, facilitates fault di-
agnosis, and aligns with the arg max operation in the de-
cision axiom. In practice, this can be realized by deploy-
ing deterministic policies at inference time, or by using
techniques such as Gumbel-Softmax with temperature
annealing to ensure that the learned mapping converges
to a hard, deterministic decision boundary.

To concretize these ideas into a deployable
pipeline, we envision an end-to-end pragmatic informa-
tion system consisting of three functional stages: (i)
an offline training phase, where a deep neural network
is trained on large-scale task-specific data to approxi-
mate the conditional isoteleia mapping; (ii) a context-
adaptive inference phase, where the network dynami-
cally adjusts its decision boundaries based on real-time
contextual inputs; and (ii1) an online adaptation mecha-
nism that continuously refines the mapping through re-
inforcement learning or online fine-tuning, enabling the
system to respond to non-stationary environments. This
pipeline directly addresses the practical challenges of
implementing the theory in real-world applications, pro-
viding a bridge between the mathematical abstraction
of the isoteleia mapping and the constraints of physical

hardware and real-time computation.

C. Limitations and Future Directions

Several limitations of the current framework
should be acknowledged. The theory assumes station-
arity and ergodicity, which may not hold in social, eco-
nomic, or biological systems where statistical proper-
ties evolve over time. The coding theorems are asymp-
totic in nature; finite-blocklength analyses and the cor-
responding dispersion bounds remain to be developed.
The framework primarily addresses single-agent or cen-
tralized settings; multi-agent systems with conflicting
or adversarial utilities require game-theoretic exten-
sions. The dynamic optimization relies on belief-state
Bellman equations that are computationally intractable
in high dimensions, necessitating approximate solution
methods. Finally, while deep neural networks offer a
practical path for learning isoteleia mappings, they in-
troduce approximation errors and generalization gaps
not captured by the current theoretical guarantees.

Looking forward, several directions merit further
investigation. The extension to non-stationary and non-
ergodic processes calls for time-varying entropies and
online adaptive coding strategies. Finite-blocklength
analysis would provide dispersion bounds and practi-
cal guidelines for system design. Multi-agent and net-
worked pragmatic information systems—including col-
laborative autonomous fleets, adversarial communica-
tion, and competitive economic interactions—require
the development of game-theoretic equilibrium con-
cepts and incentive-compatible protocols. The integra-
tion of deep learning with pragmatic coding demands
provably efficient algorithms with finite-sample guar-
antees and convergence rates. Approximate dynamic
programming techniques, such as deep reinforcement
learning and function approximation, can be brought to
bear on the high-dimensional belief-state optimization
problem. Beyond these technical directions, the frame-
work opens avenues for cross-disciplinary applications
in cognitive science, linguistics, and economics, where
information exchange is inherently goal-directed and
context-dependent.

The mathematical theory of pragmatic information
provides a unified language for goal-directed informa-

tion processing under resource constraints. While its



« 88 ¢

Journal on Communications

47 %

full consequences will be revealed through future the-

oretical and empirical advances, the framework lays a

solid foundation for this emerging direction in informa-

tion theory.
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Appendix

A. Proof of Theorem @

Proof. Property (1) follows directly from the definition
of 4(6") . By Theorem P8, the probability of the event
w" e A(E") tends to 1 as n — oo. Thus for any ¢ > 0,
there exists ng such that foralln > ng, Pr{W" € A(gn)} >
1 — ¢, proving property (2). Summing over the set A(E"),
using property (2) and the bounds from property (1), we

obtain
(1 _ 6)2”(Hp(ﬂ)—€) < |A(€n)| < 2”(Hp(ﬂ)+€)’ (327)
which proves property (3). O

B. Proof of Theorem B4
Proof. Property (1) follows directly from the definition
of EIV (w"). To prove the left inequality of property (2),

we write

Pwh = )

WeE!" (w)

< )

W eE (W)

Pw")
P(wn)z—n(H:(W)—Hp(E)—E)

= P(w") [EX (wm)] 27" W= =),
(328)

Dividing by P(w") > 0 yields

|E§n> ()] > 2”(H.\~(W)—Hp(ﬂ)—€)‘ (329)

For the right inequality, we have

Pwh = )

wneE" (W)

>y

WreE! (wh)

P(w™")
P(Wn)2—n(HS(W)—HI,(E)+5)

= P(mn) |E£n) (mn” 2‘"(H,\v(W)—H,,(w)+g)

b}

(330)

SO
EM (w)] < 2" Hs W =H,(W+e) (337
This completes the proof. O

C. Proof of Theorem
Proof. Property (1) follows directly from the definition
of B! (w"). To prove the left inequality of property (2),

we write

= P(w") |B(En) (wh)] Z—H(H(W)—Hp(ﬂ)—f)_
(332)
Dividing by P(w") > 0 gives

|B(€n) (mn” > 2"(H(W)—Hp(ﬂ)—€)‘ (333)

For the right inequality,
Pw" = )
wreB{ (w")

> Z P(mn)2—n(H(W)—HP(E)+€)

wreB™ (wh)

Pw™)

= P(w") [BE (w27 (ED ),

(334)

SO
|B(€n) (wh)] < Hn(H(W)-H,(W)+e) (335)
This completes the proof. O

D. Proof of Theorem 39

Proof. Properties (1)-(3) follow directly from the defi-
nition of A (6”) and the weak law of large numbers applied
to the i.i.d. pragmatic sequence pair, with the aggre-
gated probabilities over the reified equivalence classes.
For property (4), since X”* and Y” are independent, we
have

TR (n)
Pr{X,¥)eA = )
(xmymeAl”

PMP(y").

Using the bounds on P(x") and P(y") from the entropy

hierarchy H,(X) < Hy(X) < H(X) and the size bound
on 4(5") , we obtain

Pr{X",¥") e A"™)
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< 2n(Hp(X,X)+€)2—n(H(X)—€)2—n(H(Y)—e)
— p—nUP(X;Y)-3¢)

Similarly,
Pr(X",¥") e A™)

> (1- 6)2”(HP(X7X)_€)2*”(H(X)+€)2*n(H(Y)+E)

=(1- 6)2—n(1”(X;X)+3E).

This proves property (4). O
E. Proof of Theorem

Proof. Property (1) follows directly from the definition
of B (x",y"). To prove the left inequality of property

(2), we write

= > P(x",y")
(x"y") B (x,y")

< Z P(x" yn)zfn(H(XsY)*Hp(XsX)*f)
(x,y") eB (x,y") N

= P(x",y") |B(€i’l) (x™, y")| Z*H(H(X,Y)*HP(X»Z)*QI

Dividing by P(x"*,y") > 0 yields the lower bound. The
right inequality follows similarly by reversing the in-
equality. O]
F. Proof of Theorem @

Proof. Properties (1)-(3) follow directly from the defi-
nition of A (fn) and the weak law of large numbers applied
to the i.i.d. pragmatic sequence pair, with the aggre-
gated probabilities over the reified equivalence classes.
For property (4), since X”* and X ! are independent, we
have

Pr{(X",X ) € A"} = P("PE).

(@n.x")eA”

Using the bounds on P(x") and P(x") from the entropy
hierarchy H,(X) < H; (X) < H(X) and the size bound

onA (E") , we obtain the desired exponential bounds. []
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